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In the new method an invar tape is heated by passing direct current through it while the 


ambient 
resistance 


temperature is held constant 


are taken at different constant 


temperatures of the tape 


Observations of changes in length and electrical 


The 


temperature 


coefficient of resistance of each tape is obtained experimentally or from a relationship 
derived by the authors, between temperature coefficients of resistance and mass resistivities 


The actual temperatures of the tape are ¢ 
temperature coefficient of resistance. Coeffic 
from 15° to 35° C are in good agreement with 
at the Bureau 
than with the old method, and the observers 
temperatures 


1. Introduction 


Determinations of the linear thermal expansion of 
\0-meter geodetic tapes have been made at the Na- 
tional Bureau of Standards for a half century. <A 
view of the new Tape Testing Laboratory [1, 2],' 
which has been in use since 1950, is shown in figure 1. 
Up to the present time, measurements of the lengths 
of the tapes have been made at several different 
constant temperatures ranging from about 5° to 
5° C. These constant temperatures of the tapes 
were obtained by changing the ambient temperature 
of the entire laboratory. From these measurements 
of length and temperature, coefficients of linear 
thermal expanion were derived. 

The work described in this paper was undertaken 
to develop a new method for determining coefficients 
of linear thermal expansion of invar ? geodetic tapes 
that would not involve changing the ambient tem- 
perature of the laboratory. To accomplish this, 
the plan was to heat the tapes to various tempera- 
tures by passing electric current through them. 

After a preliminary investigation of some relation- 
ships between the thermal and electrieal characteris- 
tics of short pieces of invar tapes, it was decided to 
derive the coefficients of expansion of 50-m invar 
tapes from two separate measurements. 
One series was of the electrical resistance of the 
tapes versus ambient temperature (ranging from 0° 
to 50° C) and the other of the linear expansion 
versus electrical resistance * (when direct current is 
passed through the invar tapes). 


series of 


Figures in brackets indicate the literature references at the end of this paper 
Invar, a nickel steel containing about 36 percent of nickel, has a small coeffi- 
nt of linear thermal expansion ranging from about —0.5X10~* to +2.0X10~* per 
C at atmospheric temperatures. For this reason, invar has many applica- 
ns; for example, it is used in the manufacture of geodetic tapes and wires, length 
indards, thermostats, and pendulum rods for clocks. However, invar has two 
vivantages for very precise work. Its coefficient of expansion and its dimen- 
may change with time or when it is subjected to one or more cycles of heating 
! cooling to its initial temperature, even though the change in temperature is 
1 
Che National Physical Laboratory [3] developed a method for determining 
e lengths of steel tapes in terms of their electrical resistances without any knowl- 
e of their temperatures. Their method, developed for laboratory and field 
easurements of length, is not by itself applicable for determinations of coeffi- 
of thermal expansion 


249939 55 1 


letermined from its different 
‘ients of expansion determined 
those obtained by the method 


resistances and 
by this method 
used previously 


With the new method greater precision is obtained in a much shorter time 


are not subjected to widely different ambient 


2. Tapes 


Investigated 


The 13 invar tapes and two steel tapes listed in 


table 1 were investigated. 


| to 6.4 mm wide and 0.4 to 0.6 mm thick. 
tapes were 6.3 mm wide and 0.3 mm thick. 


TABLE 1. 





! ” 
Mia Source and identification 
| Invar 
| 
| 
. Driver-Harris Co., H 18 
2 Keuffel & Esser Co., KAE 3482 
Keuffel & Fsser Co., KAE 3483 
4" Société Cienevoise, Gieneva, Swit 
zerland, BS 4939 
Société Cenevoise, Geneva, Swit 
} zerland, N BS 5276 
| 6 Société Genevoise, Geneva, Swit 
| zerland, NBS 5277 
7 Société Genevoise, Geneva, Swit 
zerland, NBS 5278 
| s Keuffel & Esser Co., KAE 6288 
i) Keuffel & Esser Co., KAE 6298 
10 Keuffel & Esser Co., KAE 6816 
| il Keuffel & Esser Co., K&E 6821 
| 12 Keuffel & Esser Co., K&E 6839 
| 13 Keulfel & Esser Co., KAE 7211 
| Steel 
14 Keuffel & Esser Co., KAR 7829 
| 15 Lufkin Rule Co., NBS 7830 
| * Tape | was a piece 2.76 m long and tape 44 piece 1.61 m long 


ribbons from which the 50-n 


tapes were made 


| 3. Apparatus and Method 


The invar tapes were 6.3 


The steel 


Desc ription of 50-m ta pe s investigated 


from the invar 


The procedures used in obtaining measurements 
of electrical resistance versus ambient temperature 


and of linear expansion versus electrical resistance 
' Each 50-m tape was wound 
| ina flat spiral having an outside diameter of about 
| 25 em. The turns were electrically insulated from 


are given in this section. 


one another with adhesive cellophane tape. 


7 
The 


coiled tape was placed horizontally by itself in a 


; 
| heating and cooling cabinet with a 
| 


copper 


wire 


(AWG No. 12) of negligible resistance attached near 
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Figure 1. 


each end of the tape. These wires extended out of 
the cabinet and were connected to a portable Wheat- 
stone bridge for determinations of electrical resistance 
of the tapes. Four copper-constantan thermocouples 
placed at different positions near the coiled tape were 
used for determinations of temperature. The cabinet 
was heated and cooled to different temperatures 
between 0° and 50° C, and determinations of electri- 
cal resistance of the tape were made at various 
constant ambient temperatures in this temperature 
range, with no tension applied to the tape. 

The 50-m tape was then unwound, cleaned of 
cellophane tape, and mounted in the 50-m geodetic 
comparator in the NBS Tape Testing Laboratory. 
The tape was supported at the 0-, 25-, and 50-m points 
and was electrically insulated from the supports and 
tension apparatus. The specified tension of 15 kg 
was applied to each invar tape and specified tensions 
of 25 and 20 lb to steel tapes 14 and 15, respectively. 
The temperature of the laboratory was maintained 
by thermostatic control at about 15° C, and the 
actual temperature was determined several times 
during each test by means of 11 thermometers hung 
near the tape at 5-m intervals. No thermometers 
were attached to the tape. The tape was heated to 
various temperatures by passing direct current‘ 
through it. The linear expansion was determined 
from observations with two micrometer microscopes 
focused on the terminal graduations defining the 
nominal 50-m interval of the tape. The electrical 
resistance corresponding to each observation of 
linear expansion was determined by the potentio- 
meter method indicated in figure 2. As these obser- 
4 For the tapes investigated, it was found that a current of about 4.2 amp for 


the invar and about 6.0 amp for the steel tapes was rosy to maintain the 
temperature 20 deg C above the ambient temperature (15° ¢ 


| 
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Figure 2. Schematic diagram of potentiometer method for 
determing electrical resistance of geodetic tapes. 
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vations of expansion versus resistance of the tape 
can be completed in a few hours,’ measurements of 
the lengths of the tape by means of the geodetic 
comparator as required in the old method are no 
longer needed for expansion determinations. The 
electrical resistance was computed from the equation 
-P_F 

Rp=— Rs Er (1) 

» E, 

__ 
where Ry is the resistance of the tape (in ohms) 
between the potential connections, & is the multi- 
plying factor of the volt box (500.075), Ry is the 
resistance of the section of the volt box connected 
across the potentiometer (6.00 ohms), Fis the voltage 
drop across Ry so that KE; is the voltage drop across 
the tape, Rs is the resistance of the four-terminal 
current shunt (0.010007 ohm), and £, is the voltage 


§' Experience has shown that the distance between the piers on whieh the 
microscopes are mounted remains quite constant over short periods of time. 
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op across Rs. Substituting the values for k, Rs, 
d Rx, eq (1) becomes 


5.0043 E, 


Ry: 'E,—0.00167 Ey, ( 


to 


efore each observation of linear expansion and the 
responding electrical resistance, the current was 
itaintained constant until the readings obtained with 
he microscopes indicated a steady state. In the 
ise of the steel tapes, satisfactory steady state 
ynditions were not attained for reasons indicated 
ter. 
During the latter part of the investigation, a 
fferent volt box and a different four-terminal 
rent shunt were used in the potentiometer 
method. The new current shunt had a resistance, 
Rs, of 0.10000 ohm. The multiplying factor, &, 
f the new volt box was 50.005, and the resistance 
of its section across the potentiometer, Ry, was 150 
ohms. These values of the two instruments were 
chosen so that the potentiometer could measure 
larger voltage drops, thereby increasing the accuracy 
of resistance determinations. When the new values 
for k, Rs, and Ry are substituted in eq (1) it becomes 


» 5.0005 EB, 
Rr=7— 0.000667 E, (3) 


4. Results and Discussion 


Data obtained by the new method on 2 invar 
tapes and 1 steel tape are shown in figures 3 to 5, 
inclusive. 

The bottom graph of each figure shows the ob- 
servations obtained on the electrical resistance of 
the tape at various ambient temperatures from about 
5° to 50° C. For each of the 13 invar tapes investi- 
gated, the relation between the electrical resistance ® 
and temperature may be represented by a curve 
concave toward the temperature axis. Honkasalo 
[4] found a similar relation between the electrical 
resistance and temperature of an invar wire between 
15° and 60° C. The relation between the electrical 
resistance and temperature for the two steel tapes 
is essentially linear. Average temperature coeffi- 
cients of resistance of the 15 tapes for several tem- 
perature ranges are given in table 2. The tempera- 
ture coefficients of electrical resistance of the invar 
tapes decrease with increasing temperature, but the 
temperature coefficients of the steel tapes are con- 
stant. The coefficients of resistance of the steel 
tapes are about twice as large as those for the invar 
tapes. 

The central graphs of figures 3 to 5, inclusive, show 
the observations obtained on the linear expansion 
corresponding to changes in electrical resistance of 


the same three tapes when they were heated by 


* Experiments with two invar tapes indicated that an increase in tension from 
kg caused the resistance to increase by a small, but negligible, amount. 
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Taste 2. Temperature coefficients of electrical resistance of 
invar * and steel surveying tapes 


| A verage temperature coefficients of electrical 
Tape | resistance per deg C 
Number |— 
15° to 25°C | 15° to 35° ( 15° to 45° ( 
— — - - 
Invar 
1 0. 00166 | 0. 00163 0. 00161 | 
2 | 00LS6 . 00152 00150 
3 00144 00141 00137 
4 00146 00142 00140 
5 00179 00178 
6 OOI84 00177 00172 | 
7 00176 00167 00163 
s 00142 00140 | 
4" 00144 OO139 
10 00149 00142 
ll . 00146 00142 
12 oo14l . OOLR8 00136 
Q 00159 00149 
Steel 
14 0. 00815 0. 00815 0. 00315 
15 00306 00306 00306 


*® Hunter [5] stated that the temperature coefficient of electrical resistivity of 
invar is of the order of 0.0012 per deg C “over the range of low expansivity.” 
The following temperature coefficients of electrics] resistance for an invar wire 
were computed from data obtained by Honkasalo [4]: 0.00194, 0.00189, and 0.00184 
for the ranges from 15° to 25°, 15° to 35°, and 15° to 45° C, respectively 


passing direct current through them. The straight 
lines and the curve indicate the relations between 
linear expansion and change in electrical resistance 
of the tapes. 

When passing a current of 1 amp or more through 
steel tapes 14 and 15, it was impossible to determine 
their linear expansion with the same absolute pre- 
cision as for the invar tapes. Large fluctuations in 
length were observed at the microscope focused on 
the 50-m graduation of each of these tapes, when the 
other end of each tape was clamped in a fixed position. 
These variations in length of the steel tapes were 
caused by momentary temperature changes produced 
chiefly by air-convection currents around the tapes. 
Slight or no fluctuations in length of the invar tapes 
were observed because their coefficients of expansion 
are very small, about one-thirtieth that of the steel 
tapes. 

The straight lines and the curve in the top graphs 
of figures 3 to 5, inclusive, represent the relations 
between linear expansion and temperature, which 
were derived from the relations indicated in the lower 
graphs of these figures. Table 3 gives average 
coefficients of linear thermal expansion obtained from 
the top graphs of the figures. This table also 
includes coefficients of expansion for these tapes on 
other tests and for four other tapes from similar data. 

After the determinations of the coefficients of 
expansion of 5 invar and 2 steel tapes had been com- 
pleted by the new method, determinations of the 
coefficients of expansion of these tapes were made by 
the former (old) method. In this former method, 
the temperature of each tape was determined from 
the readings of 11 thermometers. Two of these 
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Coefficients of linear thermal expansion of five invar 
and two steel surveying tapes hy new method 


TABLE 3 


A verage 
Pape lest lempera an ficient 
number number*® ture range er 
sion per 
deg ¢ 
Invar 
‘ 
: f ! 15 to 35 0. 36X10 
- ' 2 15 to 35 vy 
l 15 to 35 #2 
bd? 15 to w 
lS to3 7 
| 4 lito 3 A 
‘ l 15 to 35 ai 
f lif 15 to 35 ty 
l ic 15 to 35 12 
s0 j ! 15 to 35 
- i 62 15 to ’ 
Steel 
f ll 15 to 10 
4 | ic 15 to 2s os 
1H 15 to 35 11.7 
i 15 to 35 12.1 
2 15 to 30 12.8 
| 3 15 to 0.7 


* H indicates that the coefficient of expansion was obtained on heating and C, 
on cooling. In cases where H or C are not indicated, coefficients of expansion 
were obtained from data on both heating and cooling 

» A different volt box and a different four-terminal current shunt were used for 


this test 


thermomenters, each weighing 45 g, were attached to 
the tape 1 m inside the terminal graduations. The 
remaining nine thermometers were suspended in close 
proximity to the tape at 5-m intervals from 5 to 45 
m along the length of the tape. The following hori- 
zontal tensions were used in both methods: 15 kg 
for the invar tapes, 25 lb for steel tape 14, and 20 Ib 
for steel tape 15. 

The coefficients of expansion of the tapes by the 
former (old) method were obtained from the deter- 
minations of the lengths of the tapes at ambient 
temperatures of 20°, 15°, 35°, and 25° C. These 
lengths were measured by comparison with a distance 
of 50 m determined by means of a 5-m steel standard 
on each day that measurements were made. This 
5-m bar was packed in melting ice to maintain it at 
0° C. The apparatus and the tapes were kept in the 
Tape Testing Laboratory with the ambient tempera- 
ture maintained within +0.5 deg C. Observed 
values for the length of a 50-m tape at each tempera- 
ture seldom vary more than about +25 microns’ 
from the mean, the greatest differences in length 
usually occurring between values obtained on differ- 
ent days. After the ambient temperature of the 
laboratory was changed to another constant tem- 
perature, several days were allowed for the equip- 
ment to reach equilibrium conditions. The time 
between the first ehesroutions at 20° C and the final 
observations at 25° C for these seven tapes was 24 
days. 

Figures 6 to 8, inclusive, show the observed linear 





’ Contributing causes that could account for these variations in length are 
changes in temperature, uneven distribution of temperature, small variable 
frictional effects in the tension pulleys and the support pulleys, errors in the de- 
termination of the 50-m interval with the 5-m bar, and dimensional instability of 
the tape 
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Ficure 3. 


. heating; @, cooling. 


4, Observed electrical resistance (ohms per 51.8 meters) versus temperature 
B, Observed linear expansion (microns per 50 meters) versus change in electr 
resistance (ohm per %.4 meters) from resistance at 15° C. The tape was heated 
by passing direct electric current through it. C, Derived relation betwe 
linear expansion (microns per 5%) meters) and temperature, obtained from the 
observed data in A and B, 


thermal expansion of 2 invar tapes and 1 steel tape 
by the former method. These tapes are the same as 
those indicated in figures 3 to 5, inclusive, showing 
data obtained by the new method. Straight lines 
representing relations between linear expansion and 
temperature for invar tape 6 and steel tape 14 were 
obtained by both methods. Curves representing 
relations between linear expansion and temperature 
for invar tape 12 were obtained by both methods. 

Table 4 gives a comparison of the coefficients of 
linear thermal expansion of 5 invar tapes and 2 steel 
tapes by the new method with those abtainad by the 
former method. The values of the coefficients of ex- 
vansion of the invar tapes are in good agreement 
™ the two methods. The average difference be- 
tween the coefficients of expansion of the 5 invar 
tapes by the 2 methods is 0.03 X 10~°. 
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tape 14 by former method. 


Tasie 4. Comparison of coefficients of linear thermal ex- 
pansion of invar and steel surveying tapes by new and former 
methods 


Average coefficients of expan- 
sion per degree C from 15 


a Material to 35° ¢ 


number 
New method* Former method 

2 Invar 0. 38 10-4 0. 41x10-* 

; do 9” 65 

6 do 6 15 

7 do -M 13 

| 12 do 7 4l 

4 Steel 610.0 11.4 

} 15 ..do } *11.8 11.9 
® Values in this column are averages of the values in last column of table 3 


» From 15° to 28° ¢ 
¢ For three temperature ranges (15° to 35°, 15° to 30°, and 15° to 23° C). 


The probable error of the coefficients of expansion 
of the invar tapes by the new method is approxi- 
mately 0.0110~-*, which is about half as large as 
that of the coefficients of expansion determined by 
the former method. The lower probable error of the 
coefficients of expansion obtained by the new method 
may be credited to the fact that the linear expansion 
is measured directly in a short time, whereas in the 
former method, cumulative errors occurred in the 
measurement of the lengths of the tapes at each 
temperature. 

onkasalo [4] indicated that when an invar wire 
is subjected to rapid changes in temperature, the 
wire expands or contracts more than is presupposed 
by the coefficient of expansion, but the invar wire 
slowly regains the length set by the coefficient of 
expansion. He stated that if the effect due to 
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Fieure 9. Relation between average temperature coefficient 
of electrical resistance (15° to 35° C) and mass resistivity at 
15° C of invar tapes. 


See equations 4 and 5. 


hysteresis has not died down, the measurement will 
give a greater coefficient of expansion than that 
based on a change in temperature over a longer 
period of time. For stabilized* invar tapes, the 
effect due to thermal hysteresis may be very small. 
Invar tapes used for precision measurements should 
from time to time be submitted to a standardizing 
laboratory for redeterminations of length. 

In the course of this investigation, an empirical 
relationship was observed between the temperature 
coefficient of electrical resistance and mass resis- 
tivity ° of the invar tapes investigated. If it is 
assumed that this relationship holds for all invar 
tapes of the usual composition, it can be used to 
obtain temperature coefficients of resistance, and 
thus the time involved in the determinations of 
coefficients of thermal expansion will be reduced. 
The relationship shown in figure 9 indicates that the 
temperature coefficient of electrical resistance (15° 
to 35° C), a, decreases linearly with increase in the 
mass resistivity (at 15° C), r,. The equation 


a=0.00850—0.001096r,, (4) 


was derived by the method of least squares from the 
data on all of the invar tapes investigated. The 
probable error of a is +0.00003. 


* In order to reduce to a minimum the dimensional changes of invar wires on 
aging, Guillaume [6, 7) subjected them to a moderately elevated temperature for 
a prolonged time, for example 100° C for several days, and then allowed them to 
cool gradually to room temperature over an interval of about 3months. Lement, 
Roberts, and Averbach [8) recently recommended the following treatment for 
invar in order to achieve satisfactory stress relief and high dimensional stability 
(a) 830° C, 30 minutes, water quench; (b) 315° C, 1 hour, air cool; and (c) 95° ©, 
48 hours, air cool. 

* Mass resistivity, product of resistance per unit length and mass per unit 
length expressed in this paper as ohm-grams/meter?, is a constant that is charsc- 
teristic of the alloy (chemical composition and probably treatment). 


184 


' 
: 











pe 


of 
te 
el 
th 
of 


tic 
™m 
In 


of 
lin 


th 
ob 


me 
pa 


thei 
met 














As most of the invar tapes investigated have mass 
sistivities between 6.3 and 6.6 ohm-grams/meter?, 
1e equation 


0.00585 —0.000686r,, 


(5) 
erived from the data on these tapes may be used 
, preference to eq (4) for invar tapes within this 
ange.” The probable error of « from this equation 
s only +0.00001. For tapes having very small 
oefficients of thermal expansion, it is obviously not 
ecessary to know the temperature coefficient of 
resistance as accurately as is required for tapes having 
large coefficients of thermal expansion. 
On account of inhomogeneity (due to variations in 
hemical composition, heat treatment, mechanical 
treatment, etc.) along the length of an invar tape, 
the authors recommend that a determination of the 
coefficient of thermal expansion of the entire tape 
should be made. This recommendation is in agree- 
ment with Bonsdorff [9], who has shown that the 
coefficient of thermal expansion of a long invar tape 
or wire determined on its entire length cannot be 
assumed to be the same as that determined on a 1-m 
portion of the same tape or wire. 


a- 


5. Summary and Conclusions 


1. A new method for determining coefficients of 
linear thermal expansion of invar tapes has been 
developed. 

2. Temperature coefficients of electrical resistance 
of invar tapes were determined first, and then de- 
terminations of linear expansion versus change in 
electrical resistance (when direct current was passed 
through the tapes) were made while the temperature 
of the laboratory itself was maintained at 15° C. 
Micrometer microscopes were used in the observa- 
tions of the linear expansion and a potentiometer 
method was used in determinations of the correspond- 
ing electrical resistance. 

3. Coefficients of linear thermal expansion of invar 
tapes were derived from the temperature coefficients 
of electrical resistance and the relations between 
linear expansion and change in electrical resistance. 

4. The coefficients of expansion of invar tapes by 
the new method are in good agreement with those 
obtained by the old method (table 4). For the pro- 
cedure that has thus far been devised for the new 
method the probable error of the coefficients of ex- 
pansion is about 0.01 «107° 


Forty invar tapes were tested after this investigation was completed, and 
mass resistivities were found to be within the range 6.36 to 6.51 ohm-grams 





meters? 


| 
| 





5. With the new method, the time required to 
make the determinations is considerably reduced and 
the observers are not subjected to widely different 
and uncomfortable ambient temperatures. 

6. Data reported in the paper show that the tem- 
perature coefficient of electrical resistance of invar 
tapes decreases linearly with increase in the mass re- 
sistivity. The use of this relationship (eq 4 or 5) 
will further reduce the time required to make de- 
terminations. 

7. It is recommended that one or more invar tapes 
with known coefficients of expansion, preferably 
0.4 10~* per deg C or larger, be used in conjunction 
with invar tapes on which coefficients of expansion 
are to be determined by the new method, for check- 
ing the determinations. 


The authors gratefully acknowledge their indebted- 
ness to I. C. Gardner and L. V. Judson for their ad- 
vice and encouragement during the development of 
the new method, to C. Peterson and F. K. Harris for 
their advice regarding determinations of electrical re- 
sistance, to R. F. Ackermann and J. 5S. Beers for as- 
sistance in the experimental work, and to H. F. 
Stimson for his helpful comments. 
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Transmission of Near-Infrared Energy by Some 
Two- and Three-Component Glasses"” 


Jack M. Florence, Francis W. Glaze, and Mason H. Black 


Most silicate glasses have a region of absorption for radiant energy at wavelengths longer 


than 2.7 microns 
(QO, in the glass 
developed Also 


This absorption has been found to be caused by the presence of water and 
Means for removing much of this absorption from some glasses have been 
it has been found that glasses containing lead oxide or barium oxide, or 


combinations of the two, do not appear to retain as much water as most other glasses \ 
soda-lead oxide-silica glass and a barium oxide-lead oxide-silica glass with high transmission 
for near-infrared energy have been developed. 


l. Introduction 


The National Bureau of Standards, at the request 
of the Department of the Navy, Bureau of Ships, has 
been making a study of the relationship between the 
transmission of infrared energy and the composition 
of various glasses. The first report of this work [1] 
discussed some of the common two-component sys- 
tems. This report describes a study of three-compo- 
nent silica glasses that have been found to have a high 
transmission in the near-infrared region of the spec- 
trum, as well as some work on two-component glasses 
not previously reported. The preparation of these 
glasses has been outlined in a previous publication [1]. 

\ study of simple glasses [1, 2] has shown that 
certain characteristic bands, or regions, of absorption 
of infrared energy can be associated with certain ions 
or groups in the glass. The wavelengths at which 
these bands occur may vary slightly for different 
compositions, but the absorption bands for certain 
molecular vibrations have been identified by com par- 
ison with those of the single compounds. A list of 
the vibrating groups and the wavelengths of their 
absorption bands have been given in a previous 
paper [2]. 

If a glass of high infrared transmission is desired, 
these ions, or groups, must be avoided. However, it 
is difficult to select a composition that is free of mate- 
rial that absorbs infrared energy and still have a glass 
that can be cooled from the molten state without 
crystallization. In the case of silicate glasses where 
the SiO, tetrahedron is one of the absorbing groups, 
decreasing the percentage of SiO, is beneficial, as can 
be seen from the patent of Dusing [3]. Also, Weyl 
t| has recommended the formation of an unsymmet- 
rical structure by means of unbalanced forces on the 
Si-O bond, thereby decreasing the intensity of the 
absorption band. It is believed that the increased 
transmission at 3.8 4 in glasses of high lead oxide 
content may be caused by covalent bonding of the 
Pb** ion to the oxygen of two SiO, tetrahedrons [5]. 
The size of the Pb and Ba atoms may be such that 
the symmetry of the SiO, tetrahedron is modified. 
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Roman, Marboe, and Weyl [6] have shown that 
samples of powdered glass treated with barium or 
lead ions absorb less moisture when exposed to high 
humidities than do untreated samples. Probably a 
similar condition exists in glasses containing barium 
or lead oxide, which results in the retention of less 
water in the glass matrix. If this is true, it would 
explain the increased transmission of simple glasses 
containing these oxides. 


2. Near-Infrared Transmission 
2.1. Transmission of binary glasses 


A binary glass, not previously reported, is one 
from the barium oxide-silica system. One glass (No. 
9), contaming 47 percent of BaO and 53 percent of 
SiO,, was prepared. This composition is near the 
eutectic composition reported by Eskola [7]. Be- 
cause of its high liquidus temperature (1,374° C), 
this composition was difficult to melt with the equip- 
ment available. However, by quenching the glass, 
a sample free from crystalline material was obtained. 
The spectral transmittance curve of this glass (fig. 1) 
shows the start of a water absorption band at about 
2.7 u. This curve is a good illustration of the con- 
tinuous or overlapping absorption regions wherein 
the individual bands are, for all practical purposes, 
completely masked. 

A lead oxide-silica glass (No. 10, table 1) was pre- 
pared by the usual melting procedure and its trans- 
mittance measured. Part of this same melt was then 
remelted under reduced pressure in a high-frequency 
furnace. The transmittance curve of this second 
sample (fig. 2) shows an improvement in the region 
of 2.7 to 4.5 yp. 

Dry air was passed through the remainder of the 
above melt for 1 hour at 1,150° C. The air used 
was dried by passing it through columns of sulfuric 
acid (sp gr 1.84) and anhydrous magnesium perchlo- 
rate. This dried air was conducted to the bottom of 
the melt by means of a platinum tube. At the end 
of the fining period, the air tube was raised slightly 
above the surface of the melt and the temperature 
was lowered to the pouring temperature (1,060° C) 
in %hr. The transmittance curve (fig. 2) shows an 


additional improvement from 2.7 to 4.5 uw over the 
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‘sass | gio Li0 Nad K:0 BeO | MgO Cad 
No. : 
’ it) 
10 0.0 
ll 
12 
13 ‘4. 2 ‘ 
"4 | 10 
1 sf 15.3 
1 51.3 10.¢ 
17 ‘Ml 0 
18 1.3 10. ¢ 
9 10.4 
a” 1.3 10. ¢ 
M3 i 
Al w¢ 
wf 15.0 
‘ 7 145. ¢ 
0 ino 
7 woO 5. 
0.0 5. ¢ 
2s » 5. ( 
“) wt £0 
“ 0 5. 
$1 ; 16, a4 
2 48.7 13.3 
5. 7.1 
4 45 84 7.1 
. r 16.0 6 
“ 74.6 1 4 10.0 
47 71.8 14.5 13 
is “4.0 13.2 
: a? ! “ 
4 06. ft "0 12 
41 0.3 18.9 
42 4s 17.2 
43 0.0 
44 40.0 
4 32.4 
" 24. 2 
47 8 13 


one obtained under reduced pressure. Although it 
is evident that the dry-air treatment removed more 
of the contaminants than did the vacuum treatment, 
it is believed that enough remained behind in the 
glass to affect the transmission. 


2.2. Transmission of three-component glasses 
a. Transmission of R,O-PbO-SiO, glasses 


Equivalent glasses (Nos. 13, 14, and 15), con- 
taining on a mole percent basis 14.3 percent of 
alkali, 14.3 percent of lead oxide and 71.5 percent 
of silica, were made to compare the effect of the 
different alkali metals. Transmittance curves of 
these glasses (fig. 3) indicate that the soda glass 
(No. 14) and potash glass (No. 15) have, on the 
average, nearly the same transmittance over the 
whole range of wave lengths. 

Substituting Li,O and K,O for Na,O on a weight- 
poe basis in a glass of the composition Na,O- 
*bO-5SiO, gave glasses 16, 17, and 18, the curves 
for which (fig. 4) show that the Li,O glass has the 
highest transmission for wavelengths between 3.55 
and 4.5 yu. 


188 





Glass compositions by weight percent 


Notes on batch materials 


sro taO bh 
. Ba PbO used other than oxides 
17.0 BaO as Bal O 
70.0 
40.0 LivO as LECO 
mw 1 Na?O as NaNO 
M! K20 as KNO 
1 LivO as LC O 
1 NazO as NaNO 
<1 KxO0 as KNO 


1 NazO as NaNO 
1 NazO as NaeCO 
1 NagO as NaNO 
l NazO as NaeCO 
B54 NayO as NaNO 


15.0 NazO as NaNO 
25.0 NarO as NaNO 
5.0 NazO as NaNO 
4.0 NayO as NaNO 
75.0 NaO as NaNO 


55.0 NavO as NaNO 
(5.0 NarO as NaNO 


LO as LieCoO und CaO as 
CaCO 

3.0 LiO as LikCO;, and SrO as 
SriNo 

M3 | LO as LipCOs, and BaO a 
Ba(NO 


LiyO as LieCo 
NavO as NaeCO 
NayO as NagCO 
, and CaO as 


CallO 

22. 8 NarO as NarCO,s, and SrO as 
srCO 

29.8 NavO as NarCO;s, and BaO as 
BaCO 

Ke as KeCO and CaO as 
CalO 

mS K:0 as KeCO;, and SrO as 
SrC Oy 

a.0 = KeO as KNOs, and BaO as 
Ba(NO 


0.0 10.0 BaO as Ba(NOs)>. 


*.0 30.0 BaO as Ba( NO 

27.6 10.0 BaO as Bal NOs)» 

0.9 4.° BaO as Ba( NO»):. 

51.7 CaO as CaCOs, and BaO as 


Ba(NO 


Two large melts (5,000 g) were made of the Na,O- 
PbO-5SiO, composition. The source of soda in 
glass 19 was sodium nitrate and in glass 20, sodium 
carbonate. The increased transmission of the glass 
from the nitrate batch (fig. 5) has also been observed 
for other glasses in this system. However, com- 
positions melting at higher temperatures, such as 
glasses from the Na,O-BaO-SiO, system have failed 
to show this improvement. If a glass made from 
the carbonate batch is treated with dry air, the 
transmission is improved until it is at least equal to 
that of a glass made from a nitrate batch. There is 
no significant change in the transmission of a glass 
made from the nitrate batch when it is treated with 
dry air (figs. 5 and 6). 

A series of Na,O-PbO-SiO, glasses was prepared, 
the compositions of which were in the region of low 
hygroscopicity as determined by Hubbard, Rynders, 
and Black [8]. The glasses of this series, which trans- 
mitted 80 percent or more at 2.9 u, were in the center 
of this field. The complete transmittance curves of 
three of these glasses, 23, 24, and 25 (figs. 7, 8, and 
9), indicate that they are similar in this respect to 
glass 19. The curves for five other glasses, 26, 27, 

































8, 29, and 30, with lower hygroscopicity values than 


he above, show a sharp decrease in transmission for | 


9 7 


vavelengths of 2.75 and longer, indicating the pres- 
nee of the OH™ ion (figs. 10, 11, 12, 13, and 14). 
Why the more hygroscopic glasses should show a 
‘igher transmission at 2.9 » than more durable 
‘lasses in the same series is not, as yet, evident. 

The transmission data indicate that the Na,O-PbO- 
SiO, glass (four different melts, 19, 20, 21, and 22, 
re reported in this paper) has about as high a trans- 
nittance in the 2.9-y region as any composition in this 
vstem. Because of this fact, this glass has been 
ised as the base glass for a series of experimental 
filters prepared at this Bureau. 


b. Transmission of R,O-MO-SiO, glasses 


Glasses containing approximately 50 mole percent 
of SiO, in combination with lithium oxide and one 
of the alkaline earths (CaO, No. 31; SrO, No. 32; 
and BaO, No. 33) were made. These glasses all have 
about the same transmission (fig. 15). 

A glass of the composition Li,O-BeO-5SiO,, No. 34, 
has a water absorption band, but shows no CO,~ ~ 
band at 3.5 uw (fig. 16). However, there is a slight 
indication of a CO,~ ~ band at 4.0 uw, and a CO, band 
at 4.25 uw. This glass has a low coefficient of expan- 
sion (5.7107°), which may suggest applications 
where rapid temperature fluctuations are present. 

Glasses prepared with the composition Na,O-MO- 
5SiO, (Be, No. 35; MgO, No. 36; CaO, No. 37; SrO, 
No. 38; and BaO, No. 39) show a trend toward 
decreasing water content (absorption at 2.8 to 2.9 yu) 
with increasing molecular weight of the alkaline earth. 
The beryllium, magnesium, and barium 
show a higher absorption at 3.5 u (CO;~ ~) than do 
the other glasses (fig. 17, 18, 19, 20, and 21). Car- 
bonates of the alkali and the alkaline earths were 
used in the batch because when nitrates were used, 
especially with the alkaline earths of higher molecular 
weight, the platinum crucibles were attacked. 

In the K,O-MO-5SiO, series, glasses were made 
only with CaO (No. 40), SrO (No. 41), and BaO 
No. 42). The transmittance curves for these 
classes (fig. 22, 23, and 24) indicate that the strontium 
and barium glasses contain the lowest amounts of 
water. The high absorption at about 3.5 u in these 
three glasses is doubtless caused by the carbonate ion. 


glasses 


c. Transmission of BaO-PbO-SiO, glasses 


Investigation of the BaO-PbO-SiO, system lead to 
glass 43 with a high transmission in the 2.7- to 4.0-u 
region (fig. 25). This glass was prepared without 
the dry-air treatment. The transmissions of other 
glasses (Nos. 44, 45, and 46) from this system (fig. 
26) dicate that the retention of water and carbonate 
ion varies markedly with composition. 

A glass of low silica content, No. 47, was prepared 
from the BaO-CaO-SiO, system. It had the eutectic 








composition reported by Eskola [9]. The trans- 
mittance curve for this glass (fig. 27) shows a strong 
carbonate absorption band at 3.5 yw, and a CO, 
absorption band at 4.25. 


3. Summary 


Two- and three-component silicate compositions 
containing various alkali, alkaline earth, and lead 
oxide combinations have been investigated to de- 
velop glasses having a high transmission of near- 
infrared energy. Of the glasses studied, those con- 
taining lead or barium oxide, either alone or in 
combination, were found to be the most efficient 
infrared transmitters. 

Glasses with higher infrared transmission were 
obtained when nitrates, rather than carbonates or 
hydrated materials, were used in the batch. 

In general, the transmission of glasses for wave- 
lengths longer than 2.5 u varies inversely with the 
hygroscopicity. 

Two three-component glasses of superior trans- 
mission for infrared energy had the following compo- 
sitions in weight percent: (1) SiO,, 51.3 percent; 
PbO, 38.1 percent; and Na.O, 10.6 percent (Na,O- 
PbO-5Si0,); (2) SiO,, 40 percent; PbO, 10 percent; 
and BaO, 50 percent. 

It has been observed that, for a bigh transmission 
for wavelengths longer than 4.5 4, new glass compo- 
sitions free from the usual glass-formers such as 
SiO,, B,O;, and P.O; must be investigated. 


The authors are indebted to Marsha!l Anderson 
and Nicolo Acquista of the Radiometry Section for 
supplying the data on the transmittances of these 


glasses. 
4. References 


M. Florence, F. W. Glaze, C. H. Hahner, and R. Stair, 
Transmittance of near-infrared energy by binary glasses, 
J. Am. Ceramic Soc. 30, 328 (1948); NBS J. Research 
41, 623 (1948) RP1945. 

M. Florence, C. C, Allshouse, F. W. Glaze, and C, H. 

Hahner, The absorptance of near-infrared energy by 

certain glasses, NBS J. Research 45, 121 (1950) RP2118. 

[3] W. Dusing (General Electric Co.), Vitreous composition, 

U.S. Patent 2252495 (Aug. 12, 1941). 

[4] W. A. Weyl, Private communication. 

[5] J. E. Stanworth, On the structure of glass, J. Soc 
Tech. 32, 154 (1948). 

[6] M. K. Roman, E. C. Marboe, and W. A. Weyl, The in- 

fluence of heavy metal ions on the hygroscopicity of a 

glass surface, J. Soc. Glass Tech. 32, 260 (1948). 

. Eskola, Am. J. Sci., 5th ser., 4, 345 (1922); Modified 

by J. W. Greig, Am. J. Sci., 5th ser., 13, 27 (1927). 

[8] D. Hubbard, M. H. Black, and G. F. Rynders, Electrode 
function (pH response), hygroscopicity, and chemical 
durability of Na,O—PbO-SiO, glasses, NBS J. Research 
45, 430 (1950) RP2154. 

(9] P. Eskola, Am. J. Sci., 5th ser., 4, 358 (1922). 


{1} J. 


(2] J. 


Glass 








IMMA BC 


Ml 
, 

































































' 7 —— 
100 , +e rye? | © tt § feo 
930 _ — 90}— : 
80 680+— 
a = 
%70 z= 70}— 
o oO } 
« 2 I 
te6o  60}— 
uw Ww 
oO Oo 
= 50 i“ = 50— 
i - 
ad = 
2 40}— 2 40r— 
: : 
= 30}- J = 30}— 
20 20}— 
1o;— 1 10r | 
i ’ | ' ! ' | \\¥ 
° | | L i ° 1 | | =e 
° 1.0 2.0 3.0 49 5,0 1°) Lo 2.0 30 40 be} 
WAVELENGTH, MICRONS Sn eee 
FIGURE 4 Infrared transmittances of barium-silicate glass Frat RE 2. Infrared transmittances of lead-silicate gla : 
9. ¢ > 01 mm. given special melting procedures. 
@. Glass 10, usual melting, f= 1.97 mm 
glass 11, vacuum melting, f= 1.00 mm 
| A, glass 12, air treatment, f= 2.07 mm 
aoe ee log 
90;r— 90}+— 
80}— 80— 
| 
- | - 
= — | z 70+— 
oO Oo 
a « 
uw w 
a. 60/r— a 60Or— 
w > 
= ° 
3 50}- | 50— 
- 
= | E 
2 40}— | = 40}— 
2 | @ 
a z 
= 30}— 
20}— | 20l— 
10} 10-— 
a a a ce oe ae a Se x oe 
° 1.0 2.0 3.0 40 50 ° 1.0 2.0 3.0 4.0 5.0 
WAVELENGTH, MICRONS WAVELENGTH, MICRONS 
Fiaure 3. Infrared transmittances of alkali-lead-silicate | Figure 4. Infrared transmittances of alkali-lead-silicat I 


@, Glass 1 


t 


glasses equivale nt by mole perce nt composition. 


3, lithium-lead-silicate, f= 1.78 mm . glass 


1.81 mm; 4, glass 15, potassium-lead-silicate, (= 1.74 mm 


14, sodium-lead-silicate, 


@. Glass 


silicate, ¢ 


190 


glasses equivalent by weight percent composition. 


, glass 17, sodium-lea 
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Figure 12. Infrared transmittances of sodium-lead-silicate glass 
28 within range of compositions with increased absorptance at 
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Infrared transmittances of lithium-alkali earth- 
silicate glasses. 
@, Glass 31, calcium oxide, «1.82 mm; 


, Glass 32, strontium oxide, {=1.85 mm; 
A, Glass 33, barium oxide, t=1.80 mm. 
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Infrared transmittances of 
silicate glass 837, t= 2.14 mm. 
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Infrared transmittances of sodium-magnesiu 
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Refinements in Radioactive Standardization 


ol. 50, No. 4, April 1953 Research Paper 2409 


by 477 Beta Counting 
W. B. Mann and H. H. Seliger 


The corrections due to backscattering and film absorption for radioactive sources in 44 


proportional flow counters have been investigated. 


The low-field effect arising from the 


use of thin, but nonconducting, Formvar-polystyrene films has also been investigated, 
and the results have been compared with those obtained in experiments carried out with 
such supporting films rendered conducting by the evaporation thereon of an approximately 


15-microgram-per-square-centimeter layer of gold. 
have been used to determine the absorption due to the supporting film. 


Sandwiches of such conducting films 
It has been shown 


that the simpler nonconducting source-mounting film technique may still be used to cali- 
brate radioactive sources to within the limits of accuracy currently in demand. 


l. Introduction 


In an attempt to eliminate some of the uncertain- 
es of 4x counting, namely, those due to backscatte- 
ng and absorption by the source holder, Seliger and 
Cavallo [1] ' adopted a method employing very thin 
plastic films on which to mount the sources and 
derived a simple relationship for determining No, the 
true disintegration rate of a radioactive source. This 
derivation was based, however, on the assumption 
that for a very thin film of low atomic number, the 
backseattering from the film could be neglected. <A 
somewhat more rigorous derivation of the relevant 
relations than is given in the previous paper shows 
that, within the limits of error currently set for 
radioactive standardization, this assumption is, in 
fact, adequate. 

In addition, in a 4x counter in which the collecting 
electrodes in the 2x hemispheres are of the same 
polarity and separated by a nonconducting film 
there must exist, in the proximity of the nonconduct- 
ing film, a region around which there will be a low 
accelerating field that will be vanishingly small at a 
given point. The extent of the correction for this 
latter effect can not readily be calculated because it 
depends not only on the shape of the field and the 
exact position of the source in the field but also upon 
the proportion of 8 particles from the source that has 
too low an energy to penetrate into regions of higher 
field. 

Experiments have therefore been carried out dur- 
ing the past year to investigate these effects and to 
determine the ultimate limitations of the method of 
ir counting. 


2. Effect of Backscattering 


In the previous paper [1] it was assumed that the 
fractional backscattering from the film, 8;, could be 
neglected. But if this approximation, that 8, may 
be neglected, be left until the end of the derivation, 
it is possible to estimate the error arising from this 
assumption. 

If, adopting the nomenclature of the previous 


Figures in brackets indicate the literature references at the end of this paper. 
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paper [1], we assume that N, is the true disintegration 
rate of the radioactive source, that 7 is the true frac- 
tional absorption in the film, and that Ny is the com- 
bined counting rate for both hemispheres, then, with- 
out any assumption, Ny is equal to No, less the 
number of particles absorbed per second in the source 
holding film. As the number of articles absorbed per 
second is (N,/2)r, we have 


, r No 
No=M-> T; (1) 
or, as in the previous paper, 
Vw 
_—— : 9 
No ‘I-72 (2) 


If, as previously, NV, and N, are, respectively, the 
separate counting rates in the top and bottom hemi- 
spheres, and if we also assume that 6; and % are 
respectively the fractional backscattering from the 
film mount and from the combined film and alumi- 
num partition between the two hemispheres and 7’ is 
the combined fractional absorption of the film and 
partition, then we have 


r 


N.=> {1+6:+68.(1—r—B,)(1—1’—8;)}, (3) 


where 8, is the fractional backscattering from the 
walls and the gas in either hemisphere. 
Similarly, 


Np Nos 1—B,—7r+8(1+6,(1—r’—B;)}. (4) 
Thus from (1) and (4), and from (3) and (4) 
Nw— No No (1 T 8:(1—B8,(1—r’—B;))}, (5) 


») 


and 


r 


N.- Now sti (2B; T 


r)[1—By(1—r’—8;)] }. (6) 


Hence from (5) and (6) 
N.—- Ni 2B: T # 
Nw—Npo 148: 











Because 8, and + are both small compared with 
unity, it is possible, for the purpose of estimating the 
relative contributions of 8; and +, to neglect 8; in the 
denominator on the right-hand side of eq (7). It is 
also found experimentally that the left-hand side is | 
never greater than about 0.04. Thus, if in the ex- 
treme case, we assume that 8; is zero, there would be 
a correction due to 7 in eq (2) amounting to 2 percent. 
If, on the other hand, we assume that 8; is of the same 
order of magnitude as r, then, from eq (7), we have 
370.04, for the highest value of the left-hand side 
of eq (7), and the resultant correction for r in eq (2) 
will be about 0.7 percent. The uncertainty intro- 
duced in neglecting 8; will, therefore, never exceed 
about 1.5 percent. This is well within the original 
limits of accuracy claimed for this method. 

The type of backscattering referred to in this paper 
is not due to the diffusion of particles in the mounting 
film, as the film is quite thin, but to multiple seatter- 
ing through small angles of particles originally inci- 
dent at small angles with the plane of the film mount. 
This “side-seattering” has been shown [2] to be rela- 


> tively independent of Z, so that for films of the 
s thicknesses used in the previous paper [1] 8, for an 
o evaporated gold film would be roughly equal to 8; 
a for a Formvar-polystyrene film. 

= 3. Experimental Methods 


The approach to the problem has been by three 
different methods of experiment. In all these, the 
spherical type of 4 counter, already described [1], 
has been used In the first place the existence of 


fiingas 


le 

od the low-field effect was demonstrated by means of a 
a series of experiments in which I" sources were de- | 
ho posited on Formvar-polystyrene nonconducting films 
'S supported on aluminum diaphragms having circular 
> apertures of varying diameter. By varying the 
Wee diameter of the aperture from 13 to 3 mm, the ap- 
7 parent value of Ny was found to increase by approxi- 
f mately 3 percent. However, with the practical limi- | 


tations of source preparation and with the necessity 
for keeping absorption by the diaphragm at a mini- 
mum, there will always be a region of low field near 
the center of a source, however small the diameter | 
of the aperture, as long as there is a nonconducting 
film present. One can never be certain that the low- 
field effect is completely eliminated by this method. 
It has also been shown that the effect depends on the 
position of the source relative to the two fine wire 
loops forming the anodes of the two 2x hemispheres. 
Thus, if the source happens to be displaced toward 
one loop or the other, the counting loss tends to be 
lower in that hemisphere because the region of low 
fields for moderately large source-mount apertures 
will tend to remain at the center of the 4x counter. 
Using the second experimental approach to be de- 
scribed, it was found in one instance with I" that 
by raising the source about \ in., the low-field cor- 
rection to N, fell from 5.5 to 3.1 percent. 

The second experimental method adopted is that 
which we have termed the “mirror image’’ experi- 
ment. In this experiment, in order to determine 


UNA 








the low-field effect on the counts in one of the 2- 
hemispheres, the electrode in the other hemispher 
has been maintained at an equal but opposite poten 
tial. By this means the lines of electric foree wil) 
pass directly through the nonconducting sour 

holder and the counting rate in the one hemispher: 
of the counter would be exactly the same as if th 

supporting film had been conducting. Thus 

taking counts in one, and then the other hemisphe: 

with the electrode in the opposite hemisphere firs; 
positive and then negative, the percentage loss jy 
counts due to the low-field effect can be direct! 

calculated for both sides of the source. It is not 
possible to put a negative voltage, of say 3,000 

on one fine wire anode of the 4% counter and a posi 
tive voltage of 3,000 v on the other on account of 
electrical break-<lown due to field emission and 
corona discharge. However, for the purpose of de- 
termining the low-field correction, it is sufficient to 
substitute as the negative electrode a small sphere of 
about the same diameter as the wire loop to draw 
“lines of force’ through the source and to remov: 
the region of low field. The insertion of the sphere 
on its Teflon insulation in place of one of the anode 
wire loops can be achieved without disturbing the 
position of the source relative to the other loop and 
the appropriate correction determined. The steps 
in this experiment are illustrated in figure 1, where 
the nomenclature is the same as in the previous 
paper [1]. 

From experiments (a) and (b) represented in 
figure 1, the low field correction for N, can be eal- 
culated; and from experiments (d) and (e), that for 
N,. The actual correction necessary, however, is 
that to the combined counting rate Ny. Because 
the corrections for NV, and N),, are usually of the same 
order, it will be sufficiently accurate to take the 
mean of the separate corrections for N, and N,, for 
the correction to Ny. 

The third avenue of investigation consisted of 
evaporating extremely thin films of gold, of the order 
of 10 wg/em’, on to the Formvar-polystyrene films. 
An evaporation unit was built capable of operating 
at pressures of 5 10-° mm Hg, at which very satis- 
factory gold-on-Formvar-polystyrene films were ob- 
tained. With these films as supports, sources of 
Co”, I, and P® were standardized by 4x counting 
On account of the low energy of the 8 particles 








tis 


b c d 


Ficure 1. Mirror image experiment. 


a, Np determined with top sphere negative; b, Ny determined with top loor 
positive; c, Nw determined; d, N; determined with bottom loop positive; and 
e, N; determined with bottom sphere negative. 

With the nomenclature adopted, it is also usual for the source to be on the upper 

side of the supporting film so that, in general, N.>N». The arrows indicate t! 

hemisphere being counted. 
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nitted in the case of Co” extreme precautions, such 
; the boiling of all glassware in detergents and then 
conductivity water immediately prior to use in 
ler to inhibit hydrogen ion exchange with the 
ilica in the glass, had to be taken to reduce aggrega- 
ion of solids and consequent self-absorption in the 
ource itself. The thickness of the gold films was 
ontrolled by resistance measurements, a film on a 
ontrol microscope slide 5 em long and 1 em wide 
iaving a resistance of about 60 to 100 megohms for a 
ensit\ of 15 ug em’, They were adjudged to be of 
ifficient thickness by varying the thickness of gold 
nd by the fact that on carrying out a mirror-image 
xperiment on a conducting film-source mount, using 
(‘o™. the correction to NV, was found to be zero. 

In the experiments with the gold-Formvar-poly- 
tvrene films the fractional absorption due to the 
film was measured direetly by carrying out the 4x 
measurements first with the source supported on a 
single gold-Formvar-polystyrene film and then sand- 
vi“ hed between two such films 

Hlere again the true disintegration rate of the 
ource Vy is readily obtained in terms of the combined 
counting rate .Vj,, for the sandwich, 7 and 8,. 

Suppose that we first obtain NN, for a single vold- 
Formvar-polystyrene supporting film with the source 
deposited on the gold. Equation (2) then gives No, 
provided we know +, which is now the fractional 
absorption due to the laminated film. To obtain 7, 
we carry out a further experiment in which a similar 
film is placed on top of the source to form a sandwich, 
the film being so thin that it intimately adheres to the 
first. We assume that 7 and 8, are the same for both 
films forming the sandwich, the gold having been 
evaporated from the same source at the same distance 
and at the same time. To obtain N, in terms of Nj, 
we need merely to determine the number of particles 
totally absorbed in the sandwich From figure 2 it 
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Figure 2. 


is clear that those particles emerging into the top 
hemisphere directly will lose (No/2)r by absorption. 
Particles emerging into the top hemisphere after 
being backscattered once from the bottom film will 
lose a total (No/2)8;7 by absorption where 8; are the 
number backscattered from the film. Particles 
emerging into the top hemisphere after being back- 
scattered twice will have lost (No/2) 8/7 by absorp- 
tion and so on. Thus considering only one hemi- 
sphere, the total number absorbed will be represented 
by the infinite series: 


No ‘ Nor 
gq ETB t Bt -- Jay 8.) 
Considering the contribution to both hemispheres, 
the total number absorbed will be double this. Thus 
without any assumption regarding the magnitude of 
By we have 


(S) 


or 


N —= (9) 


Here again 8; and 7 are both small compared with 
unity, so that the effect on +, which is already a 
relatively small correcting term, of neglecting 8; 
compared with unity will be in the second order of 
small correcting terms. We may, therefore, write 


N, ———-9 (10) 


and from (2) and (10) we immediately derive r, the 
fractional absorption of the gold-Formvar-poly- 
stvrene film, as 


(11) 


From the foregoing analysis it is seen that in the 
case of the sandwich experiment, the effect of 
neglecting 8; is a second order effect and as such is 
much less serious in eq (9) than in eq (7). However, 
it is unlikely, using a nonconducting film and eq (7), 
even in the worst case of Co”, to introduce an error 
greater than 1.5 percent. Moreover, by using the 
relatively good approximations for a gold-Formvar- 
polystyrene single film and a gold-Formvar-poly- 
styrene sandwich, respectively 


N, Np 
N, b Nz 


28:+ 7, (12) 


and 
Nwu—Na 7° 
2Nw—Nw 2 
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one should be able to obtain quite a good idea as to 
the value of 8, for such a gold-Formvar-polystyrene 
film. In the case of Co”, using gold-Formvar- 
polystyrene films, we have found that +r~0.05 and 
8,~0.03. 

In the present series of experiments we have com- 
pared the results obtained by the procedures of the 
previous paper [1] using a single nonconducting film, 
but introducing a correction for the low-field effect 
by means of the mirror-image experiment, with the 
results obtained using the conducting film sandwich 
technique 


4. Results 


In table 1 the results obtained in the standard- 
ization of solutions of Co®, I'', and P® are sum- 
marized. All Co”, I, and P® sources are derived 
from the same master solutions of Co”, I, and 
P*?, in terms of 1 ml of which the final activities are 
given. 

In the cases of Co” and 1! a 2-percent correction 
has been made for self-absorption by the source. 
This correction is an estimated one based on average 
aggregate sizes determined by shadow-electron micro- 
graphs and high-power optical microscopic examina- 
tions of precipitated I™ and Co™ sources. These 
precipitated sources were shown to consist of clusters 
of solid with considerable open space in between. 
Thus, since addition of solid in the form of carrier 
could, within certain limits, presumably fill in the 
open spaces, it is not, as was thought previously, 
possible to extrapolate to zero solids in the source. 

The Co® solutions referred to in tables 1 and 2 
have also been measured at the National Bureau of 
Standards by gamma-gamma coincidence counting 
and by R. W. Hayward, using both beta-gamma and 





TABLE 1. Aetivities of Co as of May 7, 1952, I™ as of | 
8 a. m. on January 15, 1953, and P™ as of 8 a. m. on May | 
17, 1953, determined by 4x counting 

| 


Nonconducting 


Noneon film, mirror im Noncon- | 
: ducting |Conducting 
ducting ige correction film th! fil vold 
Zoures film, no to— m with) Him, £ok 
mirror Formvar 
low-field ' r lystvre 
correction — co polystyrene 
No Ne rection 
dps/ml Percent Percert dps/ml dps/ml 
381-7 (Co* 277 x10 4.2 4 280 & 10 
1-X* (Co*) 200 «105 
386-101 (1 2x lO 5.2 29 249 x 10" 
386-105 (1' z wx 43 Lo 244 105 
oes Xe ce 21«kio 
407-1A4(P* 71.2 10 1.2 0.6 72.2 168 
w7-X *(P" (71.710) 


* Average results for a large number of sources. The nonconducting film sup- 
ports were all 17mm in diameter 

» This value was actually the mean of a number of values obtained with sources 
on nonconducting Formvar-polystyrene films but only 8 mm in diameter. For 
this diameter it had been shown, by comparison with conducting film source 





mounts, that the low-field correction was negligible for P® 


gamma-gamma coincidence counting; and in Canad 
‘ ° bd 5 

by R. C. Hawkings of Atomic Energy of Canada 

Ltd. The results of this intercomparison are sun 

marized in table 2. 


Taste 2. Summary of standardization results obtained 
Co®: zero time, May 7, 1952 


iw counter, 49 counter, 
Laboratory conducting | mirror im 
film age 


8-y coinci 7-7 co 
denee dence 


mC) ml mC) ml mC) ml mC ml 
National Bureau of | 0. 78h 0. 782 0. 787 f0. 7 
Standards j \ al 
Atomic Enerey of 
Canada, Ltd . 790 


5. Summary 


Not only from the internal consistency of the two 
methods of 4x counting described, but also from the 
excellent agreement with the results obtained from 
coincidence counting at the National Bureau of 
Standards and at other laboratories, it would appear 
that with due care, 4 counting techniques, using 
either conducting or nonconducting films, are justi- 
fied for such low-energy §-emitters as Co™.  Satis- 
factory results can be obtained with P® without 
adopting any special precautions to eliminate self 
absorption or the low-field effect. In the case of 
Co®, however, the loss due to self-absorption, with- 
out extreme precautions as to source preparation has 
in some cases been found to be as high as 10 percent. 

All primary calibrations by 42 8 counting at the 
National Bureau of Standards are now made using 
as source mounts 15 ywg/em? conducting gold films 
evaporated on 20ug/cm ? Formvar-polystyrene sup- 
ports; film absorption corrections are made by the 
sandwich technique. 
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A New Technique for the Mass Spectrometric Study of the 
Pyrolysis Products of Polystyrene 


Paul Bradt, Vernon H. Dibeler, and Fred L. Mohler 


Polystyrene was placed in a small tube furnace and the degradation products evapo- 


rated directly into the ionization chamber of a mass spectrometer. 
complicated mass spectrum was observed, extending to about mass 520. 


At about 330° C a fairly 
Major features of 


the spectrum are aecounted for by a mixture of monomer, dimer, trimer, tetramer, and 


pentamer, with the first two by far the most abundant. 
covered from pyrolysis of polystyrene when heated to 80° C 


The nonvolatile liquid fraction re- 
in the tube furnace gave a spec- 


trum nearly identical to the above pyrolysis spectrum except that the styrene contribution 


is absent. 


Studies of the structure of polymers by means of 
mass spectrometric analysis of degradation products 
have been described prev iously .. 2 ai." It has also 
been demonstrated [4] that small samples of a wide 
variety of complex materials could be identified by 
the same means. In previous studies, a small sample 
of the material was pyrolysed in an evacuated vessel 
outside the mass spectrometer. Consequently, when 
the vessel was opened to the mass spectrometer only 
stable products with appreciable vapor pressures at 
room temperature were observed. Although this 
often simplified the spectrum, it precluded informa- 
tion on larger fragments and molecules of possible 
importance in understanding the structure of the 
polymer and the process of degradation. 

This paper is a preliminary report on a technique 
in which vacuum pyrolysis of high-molecular-weight 
compounds occurs inside the mass spectrometer en- 
velope and the degradation products are evaporated 
directly into the ionization chamber after compara- 
tively few collisions with walls and with each other. 

The instrument used for the pyrolysis experiments 
was a Nier 60° mass spectrometer [5], using mag- 
netic sweep and provided with a high-speed recorder. 
rhe connection from the sample inlet tube to the 
ion source was removed, and a small furnace was 
supported directly above the ion source inlet by a 
§-mm outside diameter Pyrex tube, which also pro- 
vided communication between the ionization cham- 
ber and the furnace interior. The upper end of this 
Pyrex tube was closed by a copper sample holder 
structure with its thermojunction leads. The sam- 
ple holder proper was an upright cup of a few cubic 
millimeters capacity extending downward from this 
structure and opeining directly to the Pyrex-tube 
interior. In the design care was taken to provide a 
short (approximately 114 in.) open path from the 
sample to the ionization chamber. Toward this end 
a Pt gauze ion repeller was used in the ion source 
instead of the usual plate. 

_ An essential precaution in analyses of this kind 
is the avoidance of lubricated or waxed joints that 
must be heated to remove or insert samples. In 
the structure used, the leads to the sample holder 
and furnace structure extended through a removable 
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The technique should be applicable to a wide range of polymers. 


4-contact Kovar seal, which closed a 1%.-inch aper- 
ture in the metal spectrometer closure. The rigidity 
of these leads was sufficient to allow the tube furnace 
and sample holder to be removed and inserted as a 
unit. Air leakage at the edge of the seal was pre- 
vented by a screw-pressed Teflon ring. 

In operation, the voltage applied to the furnace is 
controlled to keep the pressure in the spectrometer 
within its operating range. After the initial liber- 
ation of small quantities of occluded or dissolved 
volatile materials, the temperature is increased until 
decomposition begins (330° C). Repeated spectra 
run at this temperature are consistent. Finally, 
after the sample approaches exhaustion and the 
temperature is further raised, the character of 
the spectrum changes continually as the residue is 


| driven off. 


‘ 


The pyrolysis products of polystyrene at 330° ¢ 
give a rather complicated mass spectrum, with peaks 
appearing at almost every mass unit to beyond 
300. Scattered peaks appear to about m/« 
520. After correcting for the contributions of ions 
containing C™ and D atoms, the monoisotopic 
spectrum was calculated in the conventional manner 
relative to the most abundant ion peak (m/e=91). 
Column 2 of table 1 gives these data, omitting, for 
the sake of brevity, ions with abundances less than 
1 percent of the 91 peak. Also omitted as possible 
impurities were three peaks at m/e=18, 28, and 44, 
approximately 1.1, 1.7, and 1.6 percent, respectively, 
of the maximum peak. Small peaks at m/e=416 
and about 520 were included because of particular 
interest. The mass number of the latter is some- 
what uncertain and may be in error by several units. 

In an extensive investigation of the vacuum 
pyrolysis of polystyrene, Staudinger and Steinhofer 
[6] reported yields of monostyrene, dimer (2,4- 
diphenyl-1-butene), trimer, and tetramer. In addi- 
tion, 1,3-diphenyl propane, 2,4,6-triphenyl-1-hexene, 
and 1,3,5-triphenyl pentane have been identified, 
Unfortunately, none of these compounds was imme- 
diately available for comparison. More recently 
Madorsky and Straus [1] have found that the pyroly- 
sis products of polystyrene are about 40 percent by 
weight of monostyrene and 60 percent of nonvolatile 
liquid, with an average ealunine weight of 264. <A 
sample of the latter liquid was kindly supplied by 5. 


m/é 
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Straus. This sample was evaporated without degra- 
dation (78° C) into the ion source. The mass 
spectrum of this dimer-trimer liquid is given in 
column 3 of table 1, with the 91 peak again taken 
as 100 

The contribution of monostyrene to the pyrolysis 
spectrum as given in column 4 was calculated from 
the published mass spectrum [7] and the abundance 
of the 104 peak remaining after subtracting the con- 
tribution of the dimer-trimer spectrum. The final 
residuals after subtracting the monomer and dimer- 
trimer contributions are given in column 5. Resid- 
uals of a few percent of the 91 peak are not considered 
significant except for peaks unaccounted for by either 
the dimer-trimer or the monomer spectra. The 
styrene spectrum in column 4 was obtained with a 
180° Consolidated instrument and the comparison 
will not be as accurate as if it had been obtained from 
the instrument used in this work. The dimer-trimer 
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pyroly products of polystyrene 
! 
WW , 
I ’ r 
. . I i 
\ 
| 
| 
| % , 
' i i 
“) ' " 
1 « 1] i 
‘ 
' D ") 
"I ed 
‘ ot 141 
i » 
I | 2 
74 a4 
14 ‘ » 
s y l ! ta 
; ] i uw 
wu 1 = st 
ul mo TLD 
LL. iw 4 oy 
us ’ 14 ! ‘ 
ot ) 28 
10 ”) 1m ‘ 
T La | 
ie i 42 7 o4 
i! “4 1 
1s Lf ! . ,m 
1m 1M 71 19 
1m) Lo io 
b I ‘ 1m ) 
ri L4 a 1 
me rs { 1. 
iM a i! 
a 1 & 14 
7 14 M4 ; 
an a) 7w w) 
221 13 1. ) 
312 1.73 4 ' 
416 0.02 fray 
yb “2 y2 
* Caleulated from the spectrum of ref [7], corrected for ions containing C™ and 


D atoms 
> Mass uncertain 


Possibly in error by several units 





have been separated somewhat jy 
evaporation and the ratio of dimer to trimer changed 

In spite of the qualitative nature of the monome: 
and the dimer-trimer spectra, the sum of their con 
tributions account satisfactorily for nearly all th 


mixture may 


major peaks in the pyrolysis spectrum. The sma! 
peaks at m/e=416 and about 520 very probably 
represent the molecule ions of the tetramer and th, 
pentamer, respectively. The residual at- m/e=13¢ 
may indicate divinyl benzene, although at present 
no evidence other than ions corresponding to th 
molecular weights is available to support the presenc; 
of this and several other hydrocarbons, includin 
triphenyl benzene. No conclusive evidence was ob 
tained to indicate the presence of ethyl benzen: 
toluene, isopropyl benzene, or methyl styrene a 
previously reported for mass spectrometric analysi 
of the volatile products of pyrolysis [1, 2] 

These spectra do not afford a quantitative basis 
for determining the molar ratios of monomer, dime: 
trimer, and tetramer. Staudinger and Steinhofer {6 
find these to be in the ratio 4:1:0.7:0.1, and the spec 
trum of table 1 is not inconsistent with this except 
that there 1s also a pentamer. They identify th 
dimer as 2,4-diphenyl-1-butene, and the large peaks 
at 91, 117, and 194 are consistent with such a strue- 
ture. Two isomers of this compound, 1,3-dipheny! 
1-butene and 1-methyl-3-phenyl indan, were supplied 
by W.S. Thurber of the Dow Chemical Co. They 
give spectra very different from the spectra of table | 
Further efforts are being made to obtain samples ol 
2,4-diphenyl-l-butene and 2,4,6-tripbenyl-1-hexene 
for it should be possible to identify unambiguously 
the abundant chemical compounds in the pyrolysis 
products, 

This new technique was first applied to polystyrene 
because there is rather extensive information on thi 
pyrolysis products [8]. In general, the results are 
quite consistent with those obtained by other 
methods. Furthermore, the reproducibility of the 
pyrolysis spectra over a moderate temperature range 
indicates the absence of secondary reactions or fre« 
radicals that might be critical functions of the ex- 
perimental conditions. It is planned to extend the 
technique to a variety of other synthetic and natural 
polymers. 
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The fundamentals of the 
tion probabilities were laid down by 
results obtained by T. E 
Doblin’s work 
another 


Harris was led to consider 
starting from a third one 
“taboo’’, and one final, 
passage time to the “union’’ or “ 
interplay between these notions is illustrated 


The fundamentals of the theory of denumerable 
Markov chains * with stationary transition proba- 
ilities (DMCS) were laid down by Kolmogorov 
i} * and further work was done by Doblin [2]. The 
theory of recurrent events of Feller [3] is closely 
elated, if not coextensive Recently some interest- 
ng new results were obtained by T. E. Harris [4] and 
communicated to the author. They turn out to tie 
ip very nicely with some amplifications of Doblin’s 
work the author was engaged i Although Harris’ 
main purpose lies elsewhere, he was led to consider 
the probabilities of hitting one state before another, 
starting from a third one 
three (instead of the customary two) states, one 
initial, one “‘taboo,”’ and one final, will be more fully 
developed in the present work. The notion of first 
time to the “union” or “intersection” of 
two states will also be introduced here. The inter- 
play between these notions will be illustrated. 


This idea of considering 


passage 


Recorded results in this paper will be labeled 
formulas and theorems, respectively. Relevant re- 





i heore 

marks as to their origin or significance will be found 

. in the body of the paper. The author is indebted to 
Dr. Harris for communicating some of his results 
before publication. 

|. The sequence of random variables { Y, }, n=0, 
1,2, forms a DMCS. The states will be de- 

‘ noted simply by the positive integers, The (one- 
step) transition probability from the state i to the 

HW state ) will be denoted by tr Because of station- 
arity we have 

PP = P(X a1 j3|\X_=1) 
j 
for all integers m>0 for which the conditional prob- 


ability is defined. With this understanding, we shall 
permit ourselves to write m=0 in the definitions to 
follow, as if the conditional probabilities were always 
defined 


NOTATIONS: 


n, N, v, r, 8, denote positive integers and will be 
used as time parameters or general numerals; 


National Bureau of St or is and 
‘orth Carolina, Chapel Hi i, Cc 
Denumerable’’ means BA s denumerable number of states;"’ 


fers to 


Institute of Statistics, University of 


“chain” 


4 process with an integral time parameter 
in brackets indicate the literature references at the end of this paper. 
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Markov chains with stationary transi- 
and further work was done by Doblin 
related, if not coextensive Some new 


Harris turn out to tie up very nicely with some amplifications of 
the probabilities of hitting one 
This idea of considering three 
is more fully developed in the 
intersection” 


state before 
initial, one 
notion of first 
also introduced here. The 


states, one 
present work The 
of two states is 


is _ k,l. kh. denote positive integers and will be 
used as state labels: 
(9, ix) 
P») =P(X,=j\Xo=i);  P2= | 
(1, ixj 
Ps P(X,=j, X.#k 1<v<n|Xo=1) 
a P(X 1, Ay) 1<v<n|Xo=1) 
my PX, i] \ ~ } xk l<7 n ea i) 
g=20 Qe" 
n—1 


where Q may stand for any of the symbols ,Py, F'y, 
or m . 

We offer the following clue to the above notations. 
The letter P designates “passage”; the letter F, 
“first passage’’; the first right-hand subscript desig- 
nates the initial state; the second, the final state; the 
left-hand subscript designates the “taboo state,” 
namely, one to be eschewed during the passage (ex- 
clusive of both terminals); the star on a letter with 
subse ripts designates the sum of the corresponding 
infinite series (finite or ») summed from n=1 ad 
inf. We admit that this is not the most logical 
system of notations we could have invented. For 
instance, we have the superfluity Fy Ps, and if 
we had allowed more than one left-hand subscript, 
we could have used only one letter P and written 
yy re However, we consider our notations 
to be preferred to the arbitrary use of all sorts of 
letters from the Latin and Greek alphabets. Also, 
after painful deliberations we decided not to define 
PP, F’, or ,F, while reserving the right to do so 
later in some cases. 

Formuta I: If i+), then 

F? = ,F¥ ( Je. )s (1) 


is 


where on the right side 0. © is to be taken as 0.° 


‘ This naturally suggests the consideration of more than one taboo state 
’ This follows also from the easily interpreted relations 
° te 1 Fr 
14;Py= 2 (Fi 7 t 
n=O i—;} iF 


The convention that 0 is to be taken as 0 will be understood in similar cir- 


cumstances 





tare? 
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f (BA Gs: 
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Wii 


aC 
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Proor: We start from the formula 


Fi = P2.Fs af" (1) 
= 
where we agree that ,P{°=1. Equation (1) is 
proved as follows. Either the state 7 is not entered 
atYall during the passage from i to j, which contin- 
gency contributes the term corresponding to v=0 on 
the right side of (1); or there is a last entry of 3, 
occurring at the eth step, l<v<n—l, which con- 
tingency contributes the general term. 
Summing (1) over n, we obtain 





> x nel 
‘ ‘* “~ %n) ‘ ‘ die . 
l > F¥, 2 > »- 2 i if 
nl n=l g=0 
=) de ‘ * »* 
Ys ae ae F3(1+-,PS) 
e=0 n=e+l 


Since the terms of the double series are nonnegative, 
the inversion is justified and (1) is proved. Moreov er, 
this proves that if ,.F* >0, then ,P*< @. It follows 
from (I) that ,/’* =0 if, and only if, FP 0, namely, 
Ps =0 for all n. 


rs 


ni 


Formuta IL: If j7#k, then 
FS (1 +-.P*), (11) | 


(This formula is easily interpreted in terms of math- | 
ematical expectations.) 
| 


Proor: We start from the formula 


n 
Bo) > al Ss »PS = (2) 
e=l 
where as before ,P? =1. If we ignore the left-hand 
subscripts, (2) reduces to a familiar formula. The 
proof of the latter extends immediately to (2). 
Summing (2) over n we obtain 


= RY Pin) =) ‘ > 
Ps 2 = 25 PP ; 
n i= e 


= >> Fe >> Pit-? =F 3(14.P%). | 


We note the following corollaries to (1) and (ID), | 
to be used later. | 
Formuta Ila: If ix), then 


7 


PE = FE(14+ PS). (Ila) | 


Formuta IIb: Jf j#k, then 


Fh PE FF FG. (IIb) | 
Formuta Ile: If i), then | 
FR + Ph) = P51 +,P%). (IIe) | 


Formuta III: If i #3, then 


‘ 
> Pe 

lim "Ny Pio. (I 
* Pp 


Proor: We start from the formula 


n 
P$ >, Fe ‘PE , (3 
r=-0 
where we agree that ,.?{=0. The proof of (3) is 
entirely similar to that of (1) 


Summing (3) from n=0 to n=N, we obtain 


N N n N—e 

‘ n ‘ ‘ , Jin = + pw yr Pin) 
Dy ye, > > , > Ps f iy > P? > if a . (4) 
n= n=) e=0 720 n=0 


We need an elementary lemma which is frequently 
useful in such connections. 


Lemma. Let O0<a,<1,6,>0; > )a,>0, lim 4, 


r= rT—-—@ 
B¢+ eo. Then 
\ 
>» a,bx ' 
=0 
lim “>, B 
~ } 
“ Da, 
e=0 


Applying the lemma to (4) we obtain (III). That 
.P* < @ is clear from (Ila), and the remarks at the 


end of the proof of (1). 
Tueorem 1. The limit 


N 

yy. re 
lim "<" (5) 
N-+-@ Ss P =) 


n=0 


| exists, and is equal to any of the following three 
EXPressions: 


> , 
i a F* 
Pi PS 


Fé Pi. 
ad rn re 


(IVa, b, c) 


the first always, the second if ix), the third if FX, FX >0 


Proor. Doblin [2] has shown, trivially, that 
- 
Pin) 
I Fi 
° =( ’ . 
lim "> Pe. (6) 
N+~8 A Dew 
2? ii 
n=(0 


Comparing (III) and (6), we obtain (IVb) if 1+) 
(IVa) now follows from (IIc) and obviously holds for 
i=j. If F*F*>0, then the denominator of (IVe) is 
not zero, and this is then equal to (IVb) by (IIb), 
with k=i. 
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That the limit (5) exists, and is finite and not zero, 
as proved by Doblin [2]; that it is equal to (IVa) 
as previously proved by the author [5]. The 
esent approach seems to be the simplest. 
Corottary. Jf 1,7,k,1, are distinct states of one 
iss,° then 


n=l : Fe (1 1 Ph). 
Fi(1+,Ph) 


Naturally there are other expressions for it, and 

omit the tedious considerations when some of the 
tates are identical. 

2. We now consider two states ¢ and j belonging 
o the same recurrent class, namely: 

P.=f,=le=i, 

\ fundamental idea in the theory of DMCS, already 
found in Kolmogorov’s work, is that whatever tran- 
pires between successive entries at a recurrent state 
iorms a sequence of independent events. Using this 
idea, Harris [4] and Lévy [10], independently of each 
other, discovered theorem 2. Our proof is somewhat 
lifferent from theirs. 

Let i#7 and define 


such that Y,—i; 


’ 


y the number of », 1<r<n, 


/,,~the number of v, 1<e<n, such that X,=). 

In words, Y, (or Z,) is the number of entries at the 
state ¢ (or 7) in the first n steps. Using the average 
ergodic theorem (see (11) below) it is easy to show 
that if 7 is a positive state, and P(X eC) 
(is the class containing j, then we have 


Pj lim . l l 
n- | 
DP, 
fat 


The following theorem covers both positive and null 
classes. 


THroreM 2 (Harris-Lévy). Jf i and j are two states 


na recurrent class C and P(XoeC) =1, then 
‘y Die) 
> # 
. 4n v=0 - | 
P} lim y lim *, l. (7) 
n= n n—- SP 
C 0 


Proor. Since 7 is recurrent, we have P(tim ie 
n-+@ 
*) l. Let <r, be the successive in- 
dices v, such that X,=7. Let W,=the number of 
, Up CVSPyy, such that X,—j. Then as remarked 
ibove, the W,’s are independent, identically dis- | 


* Slightly generalizing Kolmogorov, we define a class to be a set of states such 
that for any two states i and j belonging to it, we have FE F{>0. See [6]. 
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1, where | 


tributed random variables. Evidently we have 


E(W,)=S3,P9 =.P3< @. 


? 
n=1 


Now by definition we have vy, SN vy, 41 and 


~ 


Ow. Y. 


> Ws Zv Ss 0+ >5W,. 
s=l s=l 
Consequently, 
Sw SW 
a * 2 i 
sel < n < 1 s=l 
y, *¥,*¥Y,7 ¥, (8) 


Applying Khintchine-Kolmogorov’s strong law of 
large numbers (see, e. g., [9] p. 208) to the sequence 
W,} we obtain: 


Yn 
>> - 
P\ lim *“4, ‘Pe, J=1. (9) 
Y.-@ Y, 
Moreover, P(v,< + e0)=1. It follows from (8) and 


(9) that 


P (lim Zn P* ): 1. (10) 


ae Is Rr 


Now F*=1. Hence theorem 2 follows from (10) 
and theorem 1, using (IVb) there. 

This theorem includes as special case a previous 
result by Erdés and the author [7]. Consider in- 
dependent, identically distributed random variables 

U’,} which assume only integer values with mean 
zero. ‘They form a DMCS with all integers as the 
states. Since the mean is zero, all possible states 
are recurrent by a theorem of Fuchs and the author 
[8].7. Without loss of generality, we may suppose that 
every integer is a possible, therefore recurrent, state. 


Writing S,= >> U,, we see that 
tr=l 
Py =P(S,=j—1). 
Hence, Ps’ =P? =P, and (7) becomes 


P (tim 2 1) 1, 


which is theorem 8 in [7]. Needless to say, as far as 
this statement is concerned, Harris’ approach is 
incomparably better. However, we note that there 
we actually proved a sharper result, i. e. 


’ This important step cannot be circumvented by the present, more general, 
approach, 
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for every € 0. where V/, >») PiS P See also 


t l 

theorem 7 in [7]. It would be of interest to investi- 
gate corresponding strong relations for the general 
Markov-chain case, using perhaps a more precise 
form of the strong law of large numbers 

3. We now consider a positive recurrent class C. 
According to Kolmogorov, in ( all mean recurrence 
and first passage times are finite, namely, for all 
i, jeC’ we have 

m > al <a 


deat " 
nel 


We introduce the notions of first passage to jUk and 
to Mk, as follows Let } # ke 

7(( jUk) =the smallest integer n>1 such that 
NX, =) or XN, =k, whichever happens first, given that 


0 ‘, 

TU jNk) =the smallest integer n>1 such that 
there exist two integers n,; and n, such that n,n, 
l<nisn, 1Sn.<n, and NX, =), Nx, k, given that 
Xe=1; 
m(i jUk) = FB) TU) 

mi jk) ke TOU MK) 
Let w denote the sample point. Put 


e w:Xo(w)=i, X(w) #7, 4k 


for l<v <n; X,(w)=)}; 


Thus e’ is the event that Yy=7 and the state 7 is 
reached before the state k. Since 7, j, and & belong 
to one recurrent class, we have 


e’Ue* w:Vo(w) / 


Let P(Ny=i)=c>0. We have the following rela- 
tions, immediate consequences of the definitions. 


em(i,jUk) >>. nP(dw)+ nP(dw)' 

, 7) ae e e e* ) 

vS ( 
ne 

cn I. 


nP(dw)+ (n+ m, Pw), 


P(e*)m,, 


em(i, JjUk)+4 


| 


emi. nk) >} (n+m,)P(dw) 
mel te 


+ (n- m)P(dw)} 


emi, jJUk) + P(e*)m y+ Pe*)my,. 
Now by definition we have 


P(e?) : P(e*) 


c c 





Hence we obtain from the above: 


Formuta VI. Jf j#k, then 


ype my, Ma My ey my. (VI 


m(i, jUk) my 


Formuta VIL. Jf 7k, then 


m(i, jNk) mi; Fem. (VII 


‘* 
+ F'* my, Ma 


Since 


we deduce from (VII): 


Formuta VIII. Jf j# &k, then 


Mit Mey — My=—eFX (mM y+ My). (VIII 


k) of (VIL 


We note the follow ing special case (7 


M yy X (mM y+ mM,,). (VIIa 
This last formula is due to Harris [4], who also de 
rived from it the following relation: 


m k* 
= (VIIIb 

Mee yp 
Now in a positive class the ergodic theorem of Kol 
mogorov holds:* 


‘ 1S l 
lim — >> Ps . (11) 
n—-w I pel My 


Thus (VIIIb) turns out to be a special case of 
theorem |, using ([Vc) and noting that F?,=F} =1 
Dividing (VIIL) by the product of (VIITa) and 


(VIIIb) we obtain 


Mix? Whyy Whi; oll a 


My; gl te 


By formula (IIb), the right side is ,2?*, since F7,=1 in 
the present case. Thus we obtain 
Formua (IX). Jf j#k then 


Mit Mey — My, . 

Pe a Sat Sw Se. (Ix 

k i 4 
M4; 


As an application consider, as in the Central Limit 
Theorem for Markov chains, random variables { )’, 
attached to the Markov chain {.Y, } in the following 
way: ),=2z, if V,=i where the z,’s are arbitrary 
real numbers. 

Tueorem 3. Let i be a positive state. Given Xo=i, 
let vo denote the smallest n>1 such that X,=i. Then 
if the series on the right-hand side converges absolutely, 





* This theorem actually establishes the limit of P|" as n--. The average for 
(11) is an easy consequence of a Hardy-Littlewood Tauberian theorem. 
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have 
wy 7 ° , This relation is in striking resemblance to a familiar 
EL‘ Y, ) \ Me » (Xa)l ¢.. ; 7 
— m formula in the elementary calculus ef probabilities, 
according to which if A and B are any two events 
Ei(Y , Y ..) ive" then 
P(AUB) + P(ANB) =P(A)+P(B 
, @ ~ a ~ ih t Whe m oo, , : 
mi 2 + 2mis >) » & ry. The generalizations of the last relation to any 
1 Wy; ~ da Men finite number of events is known as Poincaré’s for- 
Xb) mula (see, for example, [9], p. 61); and we immedi- 
' ately suspect that the same may be true for the mean 
; . first mssave Ss This is “ Ss ve fj , 
PROOF It is more convenient to consider new = page Phis is indeed so We defin 


ma j,U U), and miaignn Ny), as the obvious 
extensions from the case s=2. We shall also write 
an N),-) to denote ),N ay N)., Nn Ny, if 
J@=); ASrs<s) and 7Nn Ny, if 7 is not one of the 


(x, if LX, j and NX, 41, l<ecn, / 


variables ie defined aus follows 


( if V.— 7 for some vr, 1 <r<cn;: 
} 4 


FormuLa XI Ij ji. Je are distinct states in a 


. positive class to whi hi al belor ther 
where j may be 7 in the last-written line. Evidently I ” iam r 0 belongs, then 


we have then « 
mia, ,U. ‘ U) ) >> mi, jr) > > m(t, Jr AJ,,) 
. ™ a rel l<r m<s ™ 
EXSY Y,|X.=i$ E} 3) Z, ‘A it 
(1 j i=l t D> mi, jr, 
1: ' <s :' 2 
‘ \ ‘ ‘ 1 : 
ky Z \ i 24 24h ry (—] mia, 7, Nn) (XI) 
Sy wy Met PROOF Put 
r a 
. . fT dag ( u \ u i x w)F) } 
by (LX) with i=k : 
Furthermore, we have for l<v<n, X,(w)=), 
r q 2 4 U ‘ 
\ sea » on 7) \ , .) : 
ES Y.)|M=i}=E)( 332) |X=i! n= I 
(5 Ys) pS | 
( ) We have, as at the beginning of section 3, i 
f > . . —— > ; 
E¢S\ 22+2 L, hy NX i}. 
(i ( 1<PoaSn ) ) m(i, iA a — NJ: ) 
As before, we obtain readily am £ ; 
ge 2. 2 n-+ Mr, Inf... Gye dy) P(dw) 
r=in=l Jet, 
4 . , 7 ~ Mix | 
|G > De Ad P. i S Sie , ,; 
et } —m a | mi, ),U a U },) 


Next we have : 
+ > c'P(e’)m(j,, jr,1... a. +i). (13) 


>, 2. E(Z,Z,|Xo=1) 
l 


io 


Substitute (13) into the right side of (XI) and 
consider the typical term e¢~'P(e')m(j,,j,.N . . 


SS SS Pr, Ps nm =D) Phzy Dd) Phase 





— =, er) ‘ . — N),,), where r is distinct from ry, io we It 
. | . . . . 
ini mi | appears on the right side of (XI) once in mi, jr 
' | ; . 
' By IX) this reduces to (Xb). NJ-,) and once mm IIA ‘ > NJ.) with 


opposite signs; and does not appear in any other 
The two expressions on the left sides of (Xa) and | terms. Hence its net coefficient on the right side 
(Xb) play an important role in Doblin’s Central | of (XI) is zero. It remains only to consider the 
Limit Theorem for DMCS. We refer the reader to | term m(i,j,U .. . U),). This appears once in 
(2) for details. They are here evaluated in what | every term and hence its net coefficient is 
seems to us more tangible terms. 
4. From formulas (V1) and (VII) it follows that ¢ ) +4 | (°) . = es Ht 
- »” 
~* Doob pointed out to me that this is a case of Wald’s equation for Markov | Therefore (XI ) 


chains 


is established. 
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We remark that trivial as this proof is, it does not 
exactly correspond with the familiar proof of Poin- 
caré’s formula, and we do not know if there is any 
closer relation between the two apparent twins. 
We also leave possible extensions suggested by the 
known extensions of Poincaré’s formula to the 
interested reader. 

We now give another method of computing 
,P*. This method requires the ergodic theorem 
(11). An interesting byproduct is the following: 

Tueorem 5. If i, j and k (not necessarily distinct) 
belong to a positive class, then 


= . p " P 2))} m je Mik 
— 1 tT je) 
n=l Mex 


Proor. Using the familiar formula (cf. the remark 
after (2)) 


n 
PR =D PRPs”, 


— 
t= 
we have 
N N N-e 
n a) ‘ Ye) ‘oe ) , Dim 
2 {PPR = 20 PS Fi} 20 PH. (14) 
n=l o= n=() 


Substituting from (11), we see that the right side 
of (14) is, as N-»@, asymptotically equal to 

N : : ] . 

Dl FR-FR. (15) 
Now since 


Fi,=Fi=1, DeoFR=ma<o, DoF =ma<, 
c=l c=! 


we have, as No 


N 


N>* Ye) ’ Sy Ss ro ") }—>0), 
NS (FR-FR) =N 3 Fi Fs 


Using this in (15), we see that its limit as No is 


; ee ; ; Ma—m 
lim >> (—v){ FQ — Fy }=-—* =. 


N--w Mee gel Mex 


We note that theorem 5 gives a convenient de- 
termination of the mean first passage times in terms 
of the transition probabilities; in particular 


os 
M a* (a +>3{PY—P?} )lim ~ NW 24 Pa: 
nel Jie 4 n= 
We do not know what the situation is in a null class. 
All we can infer from theorem 1, (1Vc), is that if 
iand j belong to one recurrent ic and ,F¥, # .F%, 
then 


wo 
% § D@®) Pw) \}\— 

>» {i P§ s==@ 

n=l 


To return to ,P%. If j#k, we have evidently 


oo Pi PP =P”, (16) 





where, as later, an unspecified summation runs from 
1 to o. Summing (16) over n, we obtain 


. Pe Ps Pr —,P?, 


a 
or 
2 of cn P2 »Pe | PY —PY (17 
since 


Pe, 1, 2P3 P?. 
We assert that in general 


n 
‘ Sa Pe Pit Qo {PS —P 
t= 


This is readily shown by induction on n, starting 
with (17). Now sum from n=1 to n=N, divide by 
N, and let No. By (11) and theorem 5 we obtain 


1 x 
at > »* ‘ dis) >i) ) 
(35 PS), P+ (POPP) 
jj t= 
Miy— My 


PS (18) 


m i 


n=l n=l cn 
(18) and (19) give (LX). 
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Titanium-Uranium System in the Region O to 30 
Atomic Percent of Titanium' 


R. W. Buzzard, R. B. Liss, and D. P. Fickle 


The tentative titanium-uranium phase diagram has been amplified by thermal, micro- 


scopic, and X-ray analyses of alloys in the range 0 to 30 atomic percent of titanium. 


The 


system is characterized by a peritectic reaction which occurs at 1,180° C, and by two solid- 
solution phases which decompose eutectoidly, one at 718° C and 5 atomic percent of titanium, 


the other at 830° C 
in uranium is increased from 657 
is lowered from 768° to 718° C, 


l. Introduction 


The primary purpose of this investigation was to 
make a limited survey of the titanium-uranium sys- 
tem in the uranium-rich region. The secondary 
objective was to ascertain the composition limits 
within which induction melting in beryllia crucibles 
would be acceptable from the standpoint of alloy 
contamination or total loss from crucible failure. It 
was expected that this melting procedure would 
introduce a certain amount of contamination in the 
alloys, as the alloys of this system were known to 
react with the refractory oxides, the effect becoming 
more pronounced with increasing titanium content. 
The working ranges of the melting procedure were 
to be determined and the diagram was to be developed 
by a correlation of X-ray, thermal, and microscopic 


studies. 
2. Previous Work 


The titanium-uranium phase diagram was tenta- 
tively established by Seybolt, et al. [1],? who dis- 
closed the existence of a high-melting compound 
(U,Ti) that separated the system into uranium-rich 
and titanium-rich sections. The uranium-rich alloys 
were characterized by a peritectic reaction at 1,200° 
C; a maximum solid solubility of 12 atomic percent 
of titanium in gamma uranium at 1,200° C, which 
decomposed eutectoidly at 723° C into beta and 
U,Ti, and a beta phase that decomposed peritec- 
toidly at 674° C. The region between the gamma 
solution and the compound (U,Ti) was depicted as 
two phase, although it was suggested this might not 
be the proper interpretation of the thermal data 
presented. 


to 667 


3. Preparation of Alloys 


The preparation of titanium-uranium alloys by 
fusion methods presents a serious problem because 
of the attack on the crucibles by these materials. 
This not only causes metal contamination but may 
result in actual loss of the melt. Prelimimary ex- 
periments revealed that beryllia crucibles which had 
been fired at 1,850° C in a propane-fired gas furnace 





' Investigation sponsored by the Atomic Energy Commission at the National 
Bureau of Standards. 


? Figures in brackets indicate the literature references at the end of this paper. 


and 18.3 atomic percent of titanium. 
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The alpha-beta transformation 


C by titanium and the beta-gamma transformation 


were superior to those fired at 1,850° C in an Arsem- 
vacuum furnace. The crucibles thus fired did not 
appear to be eroded by the liquid titanium-uranium 
alloys, but the ingots prepared in the gas-fired 
crucibles were shown to have been less contaminated 
by beryllium than were the ingots prepared in the 
Arsem-fired crucibles as determined by spectro- 
chemical methods. 

The base materials consisted of uranium supplied 
by the Atomic Energy Commission, titanium bars 
obtained from the Bureau of Mines, and an arc- 
melted titanium-uranium master alloy (50 weight 
vercent of iodide titanium)* prepared at Battelle 
Memorial Institute. The alloys were prepared in a 
high-frequency induction furnace under an atmos- 
phere of purified argon, similar to that used in 
preparing beryllium-uranium alloys (3). 

The M series of alloys (table 1) was prepared to 
determine the alloy range in which the use of beryllia 
crucibles was feasible. Ingots of approximately 
100 g were prepared by induction heating of the 
charge to the melting point as rapidly as possible, 
applying a surge of power to the molten alloy to 
insure mixing, and allowing the alloy to freeze in the 
crucible. All the alloys of this series, melted under 


TaBLe 1. Composition of titanium-uranium alloys 

Alloy Titanium * Beryllium * . og 
Wcight Atomic Weight Atomic Area 

percent percent percent percent percent 
M-22¢ 0.07 | 0.45 0.020 <1 2to 3 
B-2... 6s 3.3 <. 005 <1 1 
; B-3.. : 91 =| 44 006 <1 1 

B-29 1. 78 8.35 .05 1.5 3.5 
M-23 2.00 9.2 015 l 3 
B-31... 2. 33 10.6 8 to 10 
B-30__. 70 16.5 7 
M-24 44 18.8 i 
B-7 . 5.7 23.1 a4 6 lto 5 
M-25 6.8 26.6 .022 <1 5 
Te concacesa 7. 82 29.6 O15 <1 7 to 10 


® The titanium contents were determined by chemical methods and the beryl 
lium contents by spectrochemical methods. 

> The percentage of impurities by examination of the microstructures of the 
homogenized specimens were estimated. 

¢ M alloys were prepared with Bureau of Mines titanium; altoys so designated 
composed the preliminary series. The B alloys were prepared with the master 
alloy furnished by Battelle Memoria] Institute. 

* Typical analysis: Iodide titanium—0.004% N, 0.012% Mn, 0.012% Fe, 0.02% 
Al, 0.0012% Mo, 0.006% Pb, 0.002% Cu, 0.0025% Meg. Bureau of Mines tita- 
nium—0.08% Fe, 0.01% Si, 0.03% Mn, 0.01% Mg, 0.02% Cl-, 0.02% N, 0.1% Os 
<0.04% C, 
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these conditions, slid free of the crucibles, and there 
was no visible evidence of attack by the allovs onthe 
crucibles. Speetrographic analysis‘ of the ingots 
showed that the bervllium content increased with 
increase in titanium content when the titanium was 
in excess of 30 atomic percent 

To supplement the M series of alloys in the 0 to 
30 atomic percent titanium range, the second series 
(B series, table 1) was prepared from the master alloy 
produced at Battelle Memorial Institute. All of the 
alloys listed in table 1 were homogenized for 8 days 
under an atmosphere of purified argon at tempera- 
tures approximately 100° C below the solidus tem- 
peratures 

Entirely different conditions were encountered in 
the determination of the liquidus points, wherein 
100-¢ charges of the allovs were held molten for a 
couple of hours in contrast to the short liquid period 
in the rapid-melting technique used for preparing the 
allovs. The crucibles used for determinations of the 
liquidus points of alloys having a titanium content 
in excess of 35 atomic percent showed sufficient visual 
evidence of excess crucible attack to be deemed un- 
suitable for use in determinations of the liquidus. 
For this reason the investigation was limited to those 
alloys with titanium contents in the range of 0 to 30 
atomic percent of titanium. 


4. Procedures 


4.1. Thermal Analysis 


The solid phase arrests were determined by time- 
temperature analysis, using a modification of the 
apparatus described by Teitel and Cohen [2]. The 
thermal curves were obtained from specimens of 
approximately 50 g, which were heated and cooled 
at a controlled rate of 2° C/min, with the furnace 
operating at a pressure of 10 4. The thermal arrests 
were derived from the cooling curves, while the trans- 
formation temperatures of uranium were determined 
from the heating curves, because of the hysteresis 
effect encountered in cooling. 

The determinations of the liquidus were made with 
100-¢ charges in an induction furnace [3] under an 
atmosphere of purified argon, using suitable thermo- 
couples and an electronic recorder. The thermo- 
couples were introduced into the furnace through a 
mullite protection tube, to which a closed-end beryllia 
tube approximately 6 in. long was cemented for in- 
sertion into the melt. Sufficient beryllia powder had 
been tamped into the beryllia tube to locate the hot 
junction of the thermocouple at the center of the 
melt. Platinum-platinum 10 percent rhodium 
thermocouples, enclosed in high-fired aluminum- 
oxide protection tubes, were used for determinations 
of the liquidus below 1,400° C, and above this tem- 
perature tungsten-molybdenum thermocouples, in- 
sulated with beryllia tamped into the beryllia tubes, 
were used. 


4 (Alloys of 26, 90, and 60 atomic percent titanium contained 0,048, 0.098, and 
9.168 weight percent of beryllium, respectively 








The noble metal thermocouples were recalibrat, 
for each determination, but the tungsten-molybd 
num thermocouples were inherently too brittle 
remove from the protection tube without breakag 
Consequently, a new thermocouple was used for ex 
determination. 

The use of insulation to aid in the control of { 
cooling rates required for these determinations 
impractical. Therefore, the cooling rate of 2 ¢ 
('/min was controlled by mechanically reducing | 
power input of the converter. 


4.2. Microscopic Analysis 


The specimens for microscopic examination wi 
mounted in Bakelite, ground on a series of silicon ea 
bide papers, with the finishing paper of 3/0 grit, and 
were then polished electrolytically, using 70 v at 2 
amp, 2 to 4 immersions of 8-sec duration in an elec- 
trolyte of the following composition: Solution: 40 
of chromic acid ; 60 ml of water; and 200 ml of glacial! 
acetic acid. 

In general, the structures were developed without 
subsequent etching. The electrolytic polish was 
satisfactory for the solid-solution alloys, but a high 
degree of preferential attack was developed in the 
alloy structures that contained two phases. Because 
of this, these allovs were refinished on alumina o1 
diamond laps after polishing electrolytically. When 
a subsequent etch was required, the structures wer 
developed electrolytically at 6 v and 0.5 amp in 10 
percent chromic acid. All microscopic specimens 
were examined with both ordinary and_ polarized 
light. 

The alloy ingots were homogenized for 8 days at 
temperatures approximately 100° C below the solidus 
temperature and then furnace cooled. Specimens 
for microscopic and X-ray examination were sec- 
tioned from the homogenized ingots. 

Specimens to be quenched from temperatures 
below 1,200° C were sealed in evacuated Vycor glass 
tubes of 7-mm bore. For the higher temperatures 
fused-silica tubes sealed under argon were used 
Considerable reaction between the alloys and the 
tubes was observed at temperatures near the solidus 
of the alloys and in excess of 1,200° C. 

A nickel block, 3 in. long, machined to fit the 
furnace bore and attached to a long pusher rod was 
used to heat treat the sealed-in specimens. The 
block was grooved on the bottom to receive the 
specimen tube, which was held in place with platinum 
wire. A thermocouple was inserted in the top of th: 
block, through a vertically drilled inlet hole, and the 
junction of the thermocouple rested in the sealed 
specimen tube. The assembly was inserted into a 
vertical tube furnace, held for 1 hour at the desired 
temperature, then manually ejected through the 
bottom of the furnace into ice water by means of thy 
pusher rod. The impact of the biock with the 
bottom of the quenching vessel broke the specimen 
container, thus permitting rapid quenching of the 
specimen. 
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4.3. X-ray Analysis 


The specimens used for the microscopic studies 
were subsequently placed in an X-ray spectrometer 
and a chart obtained of the (Cu-Ka) X-ray diffrac- 
tion lines at room temperature. By this method it 
was possible to identify the number of phases present 
in the alloys and correlate the X-ray and the micro- 
scopic data. The large size of the crystals precluded 
a complete listing of the d/n values, and a more 
thorough X-ray diffraction analysis was not under- | 


taken. 
5. Results 
5.1. Thermal Data 


The results of the present liquidus determinations 
table 2) were in good agreement with the thermal 
arrests indicated by the previous investigators. 
Determinations below the liquidus by the induction 
furnace technique were considered as being not too 
accurate, thus necessitating confirmation of such 
points by other methods of test. 


TaBLE 2. Summary of thermal data obtained for titanium. | 
uranium alloys 
Ihermal arrests | 
| 
Titanium 
Liqui- Peri Soli 
dus tect ic dus ° +s | drt y-8 Ba 
fom 
percent Cc ( °C r c « c 
) 1,133 76S 657 
0.45 1,147 1,127 771 66 
1 1,172 
2 1,173 
3 1, 222 1,147 
3 4! 667 
‘ 1, 200 1, 189 1,127 
44 721 7 
1, 370 1,164 
8.3 718 671 
2 a20 727 avo 
10 1, 684 
15 1, 820 
16.5 1.043 R35 7 47 | 
nA 8 g20 716 670 | 
20 1, 844 
23. 1 a 716 6745 
m6 SAI 716 44 | 
2.6 bed 7s His 
4 1. 92 


Thermal analysis of the solid phases in the com- 
position range 9 to 30 atomic percent of titanium 
showed a consistent arrest in the vicinity of 830° C, 
indicating the presence of a reaction horizontal in this 
range of composition. The gamma-beta transforma- 
tion of uranium was found to have been lowered by 
increasing titanium additions, becoming constant at 
718° C in the vicinity of 5 atomic percent of titanium. 
The beta-alpha transformation of the alloys appeared 
consistently at 667° Worner [4] showed that 
reheating of titanium under pressure of 107° to 
5X 10-° mm of mercury elevated and broadened the 
transformation range of titanium, the influence being 
attributed to oxygen and nitrogen pickup. It 3s 
quite probable that for this reason the purity of | 


| 
| 
| 





titanium used in the alloys for this investigation 
appeared to have exerted no appreciable influence on 
the observed temperatures of transformation of 
uranium, but it was noted that there were sharper 
arrests on the cooling curves for alloys containing 
titanium produced by the iodide method. 


5.2. Microstructures of the Alloys 


In the study of the microstructures of these alloys 
(fig. 3), using the number of identifiable phases 
present as the criterion, it was revealed that the 
solubility of titanium in alpha uranium at room 
temperature lies between 3.3 and 4.4 atomic percent, 
and little change was noted in this value up to the 
transformation temperature of 667° C. The gamma 
solubility range was established at approximately 
8.6 atomic percent of titanium at 1,180° C, with the 
gamma solid solution decomposing eutectoidly at 
718° C; the eutectoid composition being located at 
approximately 5 atomic percent of titanium. <A 
predominately eutectoid structure was observable in 
the alloy containing 4.4 atomic percent of titanium 
(fig. 1, B). When quenched from temperatures 
within the range 800° to 1,100° C, specimens of the 
alloys containing 0.45, 3.3, 4.4, and 8.35 atomic per- 
cent of titanium had structures that indicated the 
existence of a high-temperature solid-solution phase 
(figs. 1, A and 1, C), whereas the alloy of 9.2 atomic 
percent of titanium consisted of two phases (fig. 1, D). 
The boundary of the gamma solid solution with the 
two-phase field was nearly vertical, rising from 830° 
C at approximately 9 atomic percent of titanium to 
the peritectic at 1,180° C and approximately 8.6 
atomic percent. 

An apparent anomaly exists here because a mar- 
tensitic structure (fig. 1,C) was developed in speci- 
mens quenched from the gamma field of alloys con- 
taining titanium of 4.4 or more atomic percent, but 
was not found in alloys containing less than 4.4 
atomic percent. At the present time, the cause of 
the observed martensitic-type reaction as being 
restricted to this range in chemical composition is not 
clear [5]. 

The structure of the alloys in the composition 
range of 9.2 to 30 atomic percent of titanium when 
quenched from 800° C contained a eutectoid of 
transformed gamma uranium and epsilon.6 The 
structures of the alloys with 16.5 and 18.8 atomic 
percent of titanium were essentially of a eutectoid 
type. The 16.5-percent alloy contained an excess 
of transformed gamma (fig. 2, A), and the 18.8- 
percent alloy contained an excess of the epsilon 
phase (fig. 2, B). Thus the eutectoid reaction ap- 
pears to be located between 16.5 and 18.8 atomic 
percent of titanium. The structure of the 29.6- 
atomic-percent alloy quenched from 800° C was pre- 
dominately of the epsilon phase, indicating the 
proximity of the epsilon field (fig. 2, D). Further- 
more, the structure produced in a specimen of the 
alloy with 23.1 atomic percent of titanium quenched 





‘The use of epsilen to identify the phase at the terminal of the horizontals 
is preferred, as it does not imply that the terminal product is a stoichiometric 
compound, such as the use of U;Ti [1] would indicate 
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Ficure | Titanium-uranium alloys 


Alloys that were subsequently reheated and quenched are so indicated 


Homogenized for § days at 1,000° C in purified argon and furnace cooled 
l'ypical of solid solution field of the hypoeutectoid alloys. Polarized lig! 


A. 3.3 atomic percent of titanium, quenched from 1,100° ¢ Transformed gamma 


unetched x 10 
B. 4.4 percent of titanium, furnace cooled from 1,000° ¢ Eutectoid structure of transformed gamma and epsilon resulting from the decomposition of the gan 


solid solution Ordinary light, etched electrolytically with 10-percent chromic acid x 20) 

( 4.4 atomic percent of titanium, quenched from s00° ( I'ypical of the martensitic structures developed in some of the alloys by quenching from the gar " 
field. Polarized light, unetched x 100 

I). 9.2 atomic percent of titanium, quenched from 1,000° ¢ Typical of the banded structures developed by quenching from the two phase field of gamma a 


delta consisting of transformed gamma and delta. Polarized light, unetched <x 100 





Ficure 2 Titanium-uranium alloys. 


Homogenized for 8 days at 1,000° C in purified argon and furnace cooled Alloys that were subsequently reheated and quenched are so indicated. Specime 
etched electrolytically with 10-percent chromic acid. Ordinary light. 250 
A) 16.5 atomic percent of titanium, quenched from 800° C Eutectoid of transformed gamma and epsilon (outlined) with excess of transformed gamma (white 


areas 

Bs) 18.75 atomic percent of titanium, quenched from 800° C. Eutectoid of transformed gamma and epsilon with excess epsilon (light 

C) 23.1 atomic percent of titanium, quenched from 850° ¢ l'ypical of structure of alloys quenched from the two phase (delta and epsilon) field Epsilon 
(clear, outlined areas) in a matrix of delta 

(1D) 29.6 atomic percent of titanium quenched from 800° C Structure predominately epsilon (light) with eutectoid (dark) of transformed gamma and epsilor 


The X-ray diffraction patterns taken from the 
above-mentioned samples reveal the presence of new 
lines that belong to neither the (transformed) gamma 
> | nor the epsilon phases, further verifying the presence 
of a new phase. Unfortunately, the grain size of the 
delta phase in these alloys was so large that it was 
unfeasible to obtain a complete list of the d/n values 


from 850° C indicated that the phases existing at this | 
temperature consisted of epsilon and a new phase | 
(fig. 2, C), as shown in figure 3 as delta. 

The presence of the delta phase in the 850° (¢ 
quenched alloys, together with the eutectoid struc- 
tures of the alloys in the composition range of 9.2 to 
30 atomic percent of titanium when quenched from 
800° C, is clearly indicative of the inversion of this | with the procedure used in this investigation. 
new phase (designated as delta) at the previously Incipient fusion was observed in the 3.3 and 4.4 
mentioned 830° C reaction horizontal. Also, the | atomic percent of titanium alloys at 1,150° C, which 
microstructure, thermal data, and alloy compositions | correlated with the thermal arrests for the solidus of 
locate this delta eutectoid between 16.5 and 18.8 | the gammac-liquid field. The incipient fusion of al- 
atomic percent of titanium, probably lying closer to | loys containing 8.6 and 9.2 atomic percent of titani- 
the 18.8 value. | um was determined to be at 1,200° C, which located 
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Ficure 3. Titanium-uranium system (0 to 30 atomic percent of titanium). 


the terminal of solidus of the liquid-gamma field. 
Fusion points of 1,200° C within the composition 


range of 8.6 to 16.5 atomic percent of titanium cor- | 


related with the thermal data to fix the peritectic 
temperature at 1,180° C. The fusion point of the 


gamma as well as a set of new lines that were not 
associated with either gamma or epsilon. The alloy 
containing 16.5 atomic percent of titanium, quenched 
from 1,100° C, gave a diffraction pattern composed 


| entirely of the new set of lines that were associated 


alloy containing 18.8 atomic percent of titanium was | 


1,250 thus determining the termination of the 
peritectic in a rising solidus. 


5.3. X-ray Identification 


Results of X-ray diffraction patterns were used to 
correlate with the microstructures; the results being 
obtained from the same surfaces that were examined 
for the microstructures. The alloys quenched from 
the gamma field were identified by the alpha-urani- 
um lines (tranformed gamma). All of the homo- 
genized alloys in excess of 3.3 atomic percent of 
titanium gave diffraction lines of both alpha uranium 
and epsilon. Similar observations were made on 
alloys in the composition range 9 to 30 atomic percent 
of titanium that had bee *n quenched from 800° C., 
The alloys containing 9.2 atomic percent of uranium 
that had bee *n quenched from temperatures in excess 
of 830° C showed lines characteristic of transformed 
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with the delta phase. In the 18.8 atomic percent of 
titanium alloy, all the specimens quenched from 
above 830° C appeared to have only delta lines. The 
alloy containing 23.1 atomic percent of titanium 
quenched from 850°, 900° and 950° C contained 
delta lines associated with epsilon. The alloys con- 
taining higher titanium contents were so badly con- 
taminated that the X-ray patterns could not be 
interpreted. 


6. Proposed Diagram 


The thermal data presented by Seybolt [1] agree 
with the data obtained in the present investigation, 
the differences in the construction of the diagram 
being largely in the interpretation of the micro- 
scopic and X-ray data. 

It was hoped that the substitution of thermo- 
couples for the optical pyrometer to develop the 
time-temperature curves would definitely establish 
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either the presence or absence of arrests in alloys of 
a composition range of 3 to 30 atomic percent of 
titanium at temperatures between the liquidus and 
the solidus reported in the previous work. How- 
ever, despite the use of thermocouples and auto- 
matic recording of the time-temperature curves in 
the present investigation, a dispersion of arrests 
similar to those observed by Sevbolt was noted in 
the field above 1,100° C. Chemical analysis of the 
ingots after the determinations of the liquidus 
showed considerable segregation. The microscopic 
study of incipient fusion located the peritectic at 
1,180° C, a temperature slightly lower than previ- 
ously indicated by thermal data. 

The thermal arrests of the solid phases, as derived 
from cooling curves, were obtained from specimens 
prepared from alloys that were rapidly cooled from 
the liquid condition. Chemical analysis showed 
these alloys to be generally homogenous, and thermal 
arrests appeared in the solid phase in the vicinity of 
830° C in the composition range 9 to 30 atomic 
percent of titanium as presented in the prior work. 
Subsequent microscopic examination indicated the 
thermal arrests to be true points resulting from an 
eutectoid decomposition; hence these thermal deter- 
minations were used in the construction of the present 
diagram. Impurities in the allovs may bave caused 
inaccuracies im the location of the horizontals, 
although the alloys used were selected on the basis 
of both microscopic evidence of the impurities and 
spectrographic analysis for beryllium (table 1). 

The microscopic identification of the two-phase 
field between the gamma and delta solid solutions 
was extremely difficult. The presence of high im- 
purities in the alloys and cold work on the micro- 
scopic specimens obliterated the two phase zone, but 
positive identification was obtained by the elimina- 
tion of these factors (fig. 1, D). The miscroscopic 
impurities increased pronouncedly when the delta- 
epsilon field was encountered, the 29.6 atomic 
percent of titanium alloy being so high in microscopic 
impurities that littl weight could be given the 
results. High beryllium contents were indicative of 
high microscopic impurities, although no direct 
correlation could be drawn between these two factors. 
The source of titanium used in the alloy preparation 
could not be correlated with microscopic impurities. 
Some of the microscopically cleaner alloys were made 
with Bureau of Mines titanium, whereas many of the 
alloys made with iodide titanium were expecially 
high in microscopic impurities. 


7. Summary 


The titanitum-uranium system (fig. 3) within the 
range 0 to 30 atomic percent of titanium was con- 
structed from data obtained by thermal, metallo- 
graphic, and X-ray analyses. 


| 
| 
| 





1. The existence of a delta phase, not previou 
reported in the tentative diagram, was shown 
X-ray, metallographic, and thermal data. 

2. The important features of the system inclu 
(a) a hquidus that rises from the melting point 
uranium (1,133° C) to a peritectic at 1,180° C a 
2.6 atomic percent of titanium, then rising shar 
to 1,925° C at 30 atomic percent of titanium. T 
peritectic terminates in a sharply rising solidus 
approximately 15 atomic percent of  titaniu: 
(b) two solid-solution phases (gamma and deli 
which decompose eutectoidly; the gamma phase |: 
a solubility of approximately 8.6 atomic percent « 
titanium at 1,180° C and decomposes eutectoidly 
718° C, into beta uranium and epsilon; the eutecto 
composition is approximately 5 atomic percent | 
titanium. The delta phase decomposes eutectoid! 
at 830° C into gamma uranium and epsilon; th 
eutectoid composition is approximately 18.3 atomi: 
percent of titanium, (c) an alpha solid solution tha 
varies between 3.3 and 4.4 atomic percent of titanium 
in the temperature range of the alpha-beta trans- 
formation temperature of uranium and 0° C. The 
alpha-beta transformation of uranium is apparent!) 
raised slightly (from 657° C to 667° C) by titanium, 
and the gamma-beta transformation temperature of 
uranium 1s lowered from 767° C to 718° C. 

3. The use of beryllia crucibles limited the range 
of alloy compositions studied in this investigation at 
0 to 30 atomic percent of titanium. 

4. The induction melting technique introduced 
sufficient contamination in the alloys to nullify 
any advantage gained by the use of “crystal-bar’ 
titanium. 

Further work on the titanium-uranium system is 
evidently desirable in order to establish the bound- 
aries of the delta and epsilon field to make a crys- 
tallographic study of both the delta and epsilon 
phases, and to investigate the martensitic reaction 
shown to develop in a portion of the gamma field. 





The authors express their appreciation to Martha 
S. Richmond for the chemical analyses and to Martha 
M. Darr for the spectrographic analyses. 
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Nonquantized Frequency-Modulated Altimeter 
Henry P. Kalmus, John C. Cacheris, and Herbert A. Dropkin 


A new principle that makes possible nonquantized altitude information so that the 
accurate range of altimeters can be extended to include low-level operation is described. A 
frequency shifter is inserted between the local oscillator and the mixer in order to remove the 
inherent error in conventional altimeters that makes them objectionable for low-altitude 


operation. 


The authors show how the characteristic of the amplifier can be shaped dif- 


ferently and point out that the strength of the return signal and the inherent amplitude 
modulation determine the most suitable characteristic for anv particular operating condition 


l. Introduction 


In certain altimeters based on continuous-wave 
operation, a frequency-modulated wave is trans- 
mitted toward the ground. The reflected wave has 
a time delay dependent on distance so that it is 
possible to measure altitude by comparing the trans- 
mitted with the reflected wave. Any modulation 
function can be emploved. <A triangular function is 
more advantageous for special cases. The following 
analysis, however, is based on sinusoidal modulation. 
Conventional altimeters are analyzed first. 

The transmitted wave is defined by the equation 

Ey=A cos (wt+ 8B sin w,t) (1) 
where A is the maximum carrier amplitude; @, is 
2xf. equal to 2x(¢/d.), where f, is the average carrier 
frequency; 8 is F/f,, where F is the maximum fre- 
queney deviation and f, the modulating frequency; 
8 is the maximum phase excursion, sometimes called 
the modulation index; and a, is 2xf,. 

The equation for the reflected wave is 

Ex= KA cos [w,.(t—r) + 8 sin w,(t—r)] (2 
where K is a factor smaller than one that depends on 
space attenuation, surface-reflection coefficient, an- 
tenna gain, ete; r is the transit time; and 7 is 2D/e, 
where J) is the altitude and ¢ the velocity of light. 
ky and Ez are fed into a mixer so that, if /, > Ep, 
the detected signal becomes /.=KA cos ¢, where 
¢ is the phase angle between /; and Ep. An expres- 
sion for @ is obtained by subtracting the phase angle 
of Ey from the phase angle of Fr. 


$= w,7 + Blsin wf —sin w,(t—r)] 


w(Zti—r) . wr 
o=w,t +28 cos = sin = 


T 
o> wT + 7 €08 w, (t— ) 


9 


where y=a distance-dependent and time-independ- 
ent phase angle y=28 sin [{(w,r)/2]. Thus 


E.=KA cos [«. tT +7 COS w, (t-3 )| 


(3) 
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If (w,r)/2 is small, 


2F 2rf,-2D 
77> f. . 2¢ 


4nkD 
71> c 


The received signal as described by eq (3) is shown 
in figure 1. At the left, the received signal is repre- 
sented as vector KA. It swings back and forth by 
the maximum phase excursion y during each cycle of 
the modulating frequency f,. Its mean _ position 
depends on the phase of the reflected carrier wave. 
If the distance is changed by \,/4, the mean position 
changes by 180°. It is assumed that F</f, so that, 
for this distance variation, y is essentially constant. 
At the right, the projection of this vector on the local 
vector A isshown. Hence, the right side of the figure 
represents the detected signal. Although, for the 
case shown, y is only 7/6, in a general case, y can be 
a considerable number of full rotations so that a 
number of complete cycles appear as shown in fig- 
ure 2. The instantaneous frequency of this wave 
changes sinusoidally because the angular velocity of 
vector KA follows a sine function. At the mean 
position of the vector AA between maximum phase 
excursions, the angular velocity and, hence, the 
instantaneous frequency, reach a maximum. If 
triangular modulation were used, a constant instan- 
taneous frequency with phase reversals would be 
observed. 

The distance information is, as already stated, 
contained in y. In conventional altimeters, the 
number of zero-crossings per repetition cycle in figure 
2 is measured so that the value of y can be deter- 
mined. Let us assume that for a very close distance, 
the vector KA has a mean position that is horizontal. 
Corresponding to the assumed small transit time, y 
has a small value so that a count of | per repetition 
evele (N=1) is obtained (fig. 3). If the distance is 
increased by \,/8, the average position of vector KA 
becomes vertical as shown in figure 4. A count of 2 
per repetition period is now observed. After an 
additional increase of distance by A,/8, a count of | 
will be obtained again. If this analysis is carried out 
for larger and larger distances, a graph is obtained 
for the counts as a function of distance as shown in 
figure 5. 
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J3 Fieure 5. Counting rate versus distance for conventional 
altimeter. 
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Figure 6. Block diagram of nonquantized altim- 
eter. 


Distance d,. is called the critical distance. Its 
value is determined by the fact that y becomes r/2 
for d, and n(w/2) for nd. Another definition that 
permits the measurement of d, by counters only is 
suggested: The critical distance for any y greater 
than « is the largest distance within which the count 
fluctuates between two distinct values n and n+! 
Hence, if in a conventional altimeter a certain count, 
for example, 3 per repetition period, is observed, the 
distance is indeterminate within the limits between 
2d, and 4d,._ This indeterminacy is usually reduced 
by the use of a large frequency deviation so that ¢, 
becomes small. Furthermore, some averaging effect 
may be obtained due to the roughness of the terrain, 
which produces a random variation of height as 
measured from an aircraft with a horizontal flight 
path. 

The new instrument, which is described in this 
report, makes it possible to obtain nonquantized 
distance information using small frequency deviations 
and over smooth terrain. Heights less than the 
critical distance can be measured with accuracy) 
Figure 6 is a block diagram of the new instrument 
G is a frequency-modulated microwave generator 
coupled to the transmitting antenna T. A small part 
of the signal produced by G is fed through the fre- 
quency shifter FS and combined with the signal 
received by the receiving antenna R. The frequency 
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shifter is either a mechanical or electrical device pro- 
ducing a single-sideband component. Devices of 
this kind are described in the Appendix. FS has to 
change the frequency f, of an incoming signal into 
f.+-f4, where fg is much smaller than f,. A small 
‘amount of energy at frequency f, will appear in the 
output of the frequency shifter, but it is easy to keep 
the undesired voltage down to 10 percent of the 
desired signal voltage. The combined signals are 
rectified to the rectifier R,, amplified in the amplifier 
A, and fed into an averaging counter C, which counts 
positive-going zero-crossings. Meter M shows the 
number of zero-crossings per second. 

As already stated, the ambiguity of conventional 
altimeters is due to the fact that whenever the dis- 
tance is varied by \,/8, the count is changed by one 
per repetition period. In a conventional altimeter, 
the average phase of vector KA is w-r, as in figure 1. 
If a frequency shift of f, eyeles is introduced by FS, 
KA rotates slowly with an angular velocity w,, as 
shown in figure 7. Hence, the average position of 
KA is now time-dependent. If the modulating fre- 
quency is f,, AA, while rotating slowly at a rate f,, 
swings back and forth through y at a rate /,. 


2. Methods of Obtaining Nonquantized 
Distance Information 


Three methods of obtaining nonquantized distance 
information have been investigated and are described 
below. 


2.1. Amplifier With a Uniform Frequency 
Characteristic 


If amplifier A in figure 6 has a uniform frequency 
characteristic, the signal fed into the counter C has 
the shape as shown in figure 7. The counter pro- 
duces one pulse for every positive-going zero-crossing. 
Hence, it is evident that the total count grows with 
increasing y. It will be shown that a unique relation 
exists between the number of pulses per second and 
y, that is, distance. The signal in figure 7 that is the 
detected signal can be represented by the following 
equation 


E.= KA cos (6+ wat+y7 cos wt)=KA cos a. (4) 


This equation follows directly from eq (3) with the 
assumption that wr represents the constant phase 
angle @ and that the transit time 7 is very small com- 
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Fiaure 7. 


Detected signal of nonquantized altimeter. 
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pared to ¢t. A zero-crossing is obtained whenever F, 
becomes zero. Hence, the time instants for zero- 
crossings can be derived from the transcendental 
equation 


cos (0+-wyl+y cos w,l)=—cos a=0. (5) 
This equation is solved graphically as shown in fig- 
ure 8. Zero-crossings occur whenever a@ becomes 
+ (2n+-1)x/2 for integral values of n. It is evident 
that a count of 2 per repetition period is obtained 
for y=7(2 times the critical distance). A count of 
1 is produced by y= 2/2. 

Figure 9 is similar to figure 8. The time, however, 
is extended over many cycles of frequency fy be- 
cause the counter used measures the average count 
over a long time. During each of the intervals AB, 
the oscillations of aare crossing the values (2n+-1)x/2 
The distance AB is proportional to the number of 
counts if it is assumed that f,>>fy. Now, it can be 
seen that the total count over time 7 is proportional 


to the sum of all lines AB. 





_—— » 
AB ==. 
tane 
Since tan ¢=w,, then 
a » 
Ab=a=. 
Wa 


Because AB is proportional to y, the total count is 
also linearly related to y. This is strictly true as long 
as the observation time is large compared with the 
period of frequency fy. In this case, the end effects 
occurring at time 0 and 7 can be neglected. It can 
be seen from figure 9 that the count is proportional 
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Fiaure 8. Zero-crossings from a verus t curve. 
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Location of zero-crossings over a long time interval. 
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Theoretical output of nonquantized altimeter with 
flat amplifier. 


Ficure 10. 


to distance with one negligible error: for zero distance | 


a count of f, pulses per second is obtained due to the 
presence of fy. For f¢=100 eps and f,= 10,000 eps, 
this error is only 1 percent for the critical distance. 
For higher values of y, the error decreases proportion- 
ally. A plot of counts versus distance is shown in 
figure 10. If this curve is compared with the graph 
of figure 5, the advantages of the new system become 
evident. 

If the frequency shifter FS would produce only 
energy at f.+f, the linear relationship between 
distance and counts as shown in figure 10 could be 
maintained under all conditions. Unfortunately, 
practical frequency shifters also pass a small amount 
of energy at the frequency f, and if the shifter is not 
perfectly balanced, energy at the frequency f.—fa. 
This condition corresponds to that of a carrier with 
one or two sidebands separated by f,. If this mix- 
ture is fed into the rectifier R,, a signal at frequency 
fa is registered by the meter as long as the amplitude 
of the desired signal does not exceed the amplitude 
of the envelope of the undesired mixture. This is 
similar to the capturing effect in conventional FM 
receivers and is due to the action of the limiter which 
is incorporated in the counter C. 


2.2. Amplifier With f, Filter 


For low-altitude use, the system as described is 
still practicable because of the large signal available. 
If, however, the signal level is small, the frequency 
characteristic of the amplifier A has to be shaped in 
such a way that energy at the frequency /, is elimin- 
ated from the counter. The conditions with an f, 
filter are shown in figure 11. Whereas a count of 1 
per repetition cycle was obtained only during a short 
time without the filter, a count of 1 is now produced 
during the larger part of a cycle of the wave at 
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Figure 11. Signal output of fg filter. 








| frequency f, so that a count versus distance curvy; 
| different from the one shown in figure 10 is expected 
Figure 11 is obtained by subtracting the fz componen 


from the wave form in figure 7. An alternate poin 
of view is to consider that each wave formation p 
repetition-rate cycle is referred to its own averag 
value. 

Equation (4) expressed the signal fed into th, 
amplifier. A Fourier expansion leads to 


E..= KA{ Jy(y) cos [0+ wat} 
w,)t] w,)t||— 


2w,)t]] 


Ji(y) [sin [6+ (wa sin [0+ (wg 


J (7) (cos [6+ (wa + 2w,)t]— cos|O+ (wa 
If a filter incorporated in the amplifier removes thy 
energy at the frequency fy, the amplifier output is 
represented by 


E,=KA|{ cos [0+ wat + y cos wt]—J)(y) cos (6+ wy) 
(6) 


With the filter, zero-crossings are obtained for 
E,=0. Whereas it was possible to solve eq (4) 
graphically, the number of zero-crossings for eq (6) 
has to be determined point by point for many 
average positions of vector AA for each particular 
value of y. After this has been done for a full revolu- 
tion, the arithmetic mean of the individual numbers 
is determined, and constitutes the reading that an 
averaging counter would show. In other words 
instead of considering a continouus rotation of AA 
with an angular velocity w,, it is assumed that the 
vector is periodically arrested and that it swings back 
and forth by the angle y. This procedure is 
justified because the frequency f, is very small 
compared to f,. 

In figure 12, voltage versus time is plotted for the 
equation 

E.=KA cos (6+ sine,t). 


In the upper left part of the figure, the vector KA 
is shown in its average position @, which is equal to 
6+w. It is displaced from the vertical by 6,=10° 
and swings through a y of +270° with sinusoidal 
velocity distribution. ‘The lower part of the figure 
shows y'sin wt. Combining components, the com- 
plete wave is obtained as shown in the upper right 
of figure 12. 

If a uniform frequency characteristic were em- 
ployed, that is, if no rejection filter for f, were used, 
the number of counts per repetition period would be 
determined by the crossings between the curve and 
the abscissa. With the filter, however, the number 
of counts per repetition period is determined by the 
crossings between the curve and its average value 
(over each variation per repetition-rate cycle). It is 
possible to obtain the new average value for ever) 
individual average position of vector KA by cumber- 
some integration so that the areas above and below 
the zero line are identical. A more elegant procedure, 
however, is feasible if the fact that the filter removes 
the J, term of eq (6) from the curve in figure 12 1s 
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tuken into consideration. The slowly varying J, 
term is the average value during the repetition cycle. 
Accordingly, Jo(y) was obtained from tables, and 
J,(y) cos 6, was plotted in figure 12 as a horizontal 
line. The new count is obtained by determining the 
crossings between the curve and the dashed line. 
By inspection it can be seen that the count for the 
specific 6 and y shown is higher if a filter is employed. 
The angle 6, is varied by discrete steps, and the count 
is determined for each step. As mentioned before, 
the total count is the arithmetic mean of all the 
individual counts. This procedure is followed for 
many values of y so that, in the end, the count versus 
distance function is obtained. 

Furthermore, it is clear that the number of 
counts with and without filter are identical for all 
values of y for which J)(y) equals zero. The pro- 
cedure leading to figure 12 was repeated for other 
phase angles in 10° intervals and for values of y in 
15° intervals. A count versus distance curve was 
obtained as shown in figure 13. The linear curve 
corresponding to the flat amplifier is also shown, and 
it can be seen that the counts are identical for values 
of y=138° and 315°, for which J,(y) is zero. In 
addition, because of symmetry, the counts are also 
identical for y=180° and 360°, ete. For higher 
values of y, the two curves become more and more 
similar, the reason being that J)(y) becomes progress- 
ively smaller. The height-indicating meter must be 
equipped with a dial calibrated according to the 
curve in figure 13. The necessity for such a dial 
calibration is not a serious disadvantage because the 
deviation from linearity is small beyond the critical 
distance. As compared with standard altimeters, the 
only additional component is the frequency shifter, 
which is inserted between power oscillator and mixer 


2.3. Amplifier With Peaked Frequency 
Characteristic 


A method of obtaining a linear count versus dis- | 
tance that suppresses interference from the leakage | 
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Theoretical output of nonquantized altimeter with 
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--=, with fa filter 0 when 138°, 31 


4UR°, etc., fax< f. 


signal at frequency f, employs an amplifier having a 
response proportional to frequency and a slope of 6 
db per octave (fig. 14). Since leakage signals produce 
an f,-beat output at the mixer, and since f,</f,, the 
amplifier suppresses this interference signal by at 
least f,/f,. The amplifier output voltage will be the 
derivative of the input voltage. The effect of such 
an amplifier on the mixer output that is given by eq 


(4), F.= KA cos(0+ wet+y cos w,t) will be 
, dE, : ; 
Ey it —KA(w, -Yyw, SIN wt) sin (6+ wal + 7 COS w,f). 
( 


(7) 


Counts will be obtained, as before, for each positive- 
going zero-crossing. Zeros of eq (7) will occur where 
either the factor F,=sin (@+-agt+y cos wf) is zero 
or when factor F,=|w,—ye, sin wf] is zero. The 
former factor produces a count proportional to dis- 
tance, as shown in figure 10. When the second 
factor F, is plotted (fig. 15), one positive-going zero- 
crossing per 1/f, sec or f, counts per second occur. 
The only effect of changing y is to increase the ampli- 
tude of the sine wave, of figure 15. 
Wy, YW, >we except for extremely small y. As a 
result, the counter versus distance characteristic will 
be as shown in figure 16. 
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3. Experimental Results 


| ° . 
Results of experiments using the three types ; 
| 


frequency response characteristics are shown j 
figures 17 and 18. In figure 17, the /, filter was use: 
The experimental points were obtained from sever 
test runs, using different klystron  deviatior 
(different values of 8) after reducing the distance 
| terms of appropriate critical distances for each ru 
The agreement with the theoretical curve repr: 
duced from figure 17 is clearly shown. Figure | 
shows a set of runs, all having the same £8, but usin 
the different networks. These curves are in agres 
ment with theory in all respects. 
Summarizing, there are three methods of obtainin 
introduced (wg—yw, sin w,t) of | NOonquantized distance information: 
7 | (1) If an amplifier with uniform amplitude chara: 
teristic is employed, the count is proportional to 
distance, as shown in figure 10. The method is 
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<5 | usable only where the return signal overrides thi 
w 4 | oscillator signal leaking through the frequency shifter 
y G | (2) If an amplifier with a rejection filter for f, is 
* a 3 | employed, the count follows a curve as shown in , 
C o | figure 13. a t 
“~ z2 | (3) If an amplifier with a frequency response pro- 
t = , portional to frequency is used, the count follows the 
= 5 linear relation shown in figure 16. Whereas method 
~ So (1) is practicable only as shown above, methods (2 
0 ' : 3 4 and (3) are usable for any distance within the range 
2 DISTANCE IN MULTIPLES OF d, of conventional altimeters. 
= Ficure 16. Theoretical output of nonquantized altimeter with 24 T 
a peaked amplifier. 
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Measured output of nonquantized altimeter with 
Sa filter 
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Measured output of nonquantized altimeter versus 
distance. 


f-=5 ke; fa=100 cps 
1, Flat amplifier; 2, flat amplifier with /¢ filter; 3, peaked response amplifier 


. e Figure 18. 
Fieure 17. 
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4. Appendix 
4.1. Frequency Shifter 


The frequency shifter is used for producing a signal with a 
frequency displaced from the frequency of the transmitted 
energy by a constant amount. This alternating voltage, 
which serves as the local signal for the mixer, has to follow 
the frequency excursions of the power oscillator accurately 
without vime delay. Although it is possible to use, for this 
purpose, a second oscillator controlled by a fast-acting servo 
loop in such a way that a constant frequency difference is 
maintained, a system of this kind should be avoided because 
of its complexity and because of the wide frequency-response 
characteristic required for the servo amplifier. A better 
solution is the use of a mechanical, or electrical, continuous 
phase shifter inserted between the power oscillator and the 
mixer For frequencies up to 300 megacycles, mechanical 
single-sideband modulators with capacitive-type or goniom- 
eter-type phase shifters can be used.! For microwave-fre- 
quency applications, the two following devices can be em- 
ployed. 

1) Continuous phase shifter employing circular polariza- 
tion:? This device is especially suited for microwaves. It 
consists of three wave-guide sections as shown in figure 19. 
\ is at rest and contains a quarter-wave plate so that an enter- 
ing plane wave emerges circularly polarized into the plane P. 
B is a physically rotating circular wave guide, containing a 
half-wave plate so that the direction of rotation of the EF 
vector is reversed. C is at rest, like A, and also contains a 
quarter-wave plate so that a circularly polarized wave enter- 
ing at P, emerges as a plane wave 

\ plane-polarized wave is fed into section A and emerges 
circularly polarized in, say, a clockwise direction. Hence, 
the E vector in the plane P, performs f rotations per second, 
f being the carrier frequency of the incoming energy. If an 
observer were located in B and if B rotates counterclockwise, 
the observer will see a frequency f+n, n being the number 
of revolutions per second of section B. Due to the action of 
the half-wave plate, the observer will see f+n counterclock- 
wise rotations of the FE vector in the plane P,. Since B itself 
rotates counterclockwise, the EK vector in P»,, as seen from the 
section C, rotates f+2n times a second. Energy with a 
frequency f-+2n, therefore, emerges from C 

If the device would be designed without the half-wave plate 
in B, the observer would still see f+ n rotations in this section. 
As seen from C, however, f+n—n” rotations would be ob- 
served so that outcoming and incoming frequencies would be 
identical 

2) Single-sideband generator, employing gyrators: * Three 
waves of the same frequency f. and with phases displaced by 
120° are superimposed. The waves are amplitude-modu- 
lated with envelopes of the frequency fa, and the phases of 
the envelopes are also displaced by 120 In figure 20, the 
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Figure 19. Continuous phase shifter. 
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Figure 20 


Vector diagram, three amplitude- 
modulated carriers. 


three carrier Waves are represented by the vectors Ea, BE, and 
BE Each of the envelopes Ea, Ew, and Ea, is represented 
by two sidebands, one rotating clockwise and the other 
counterclockwise At the instant shown, it is assumed that 
E.~ has reached its maximum amplitude, whereas the en- 
velopes of E.. and E. are delayed by 120° and 240°, respec- 
tively. As the result of the superposition of all nine signals, 
it can readily be seen that Fa, E. and E,., cancel each other. 
Furthermore, there is a cancellation of the clockwise compo- 
nents of E,, Ewand Ey The counterclockwise components, 
however, add so that a resultant voltage of 3E,4 is obtained 
with a frequeney of f.—fa eps. 

Until recently, systems of this kind could not be realized 
at microwave frequencies because amplitude modulation 
without simultaneous frequency modulation was not possible. 
The microwave gyrator,’:5 which is a new circuit element, 
has been developed for amplitude-modulation purposes. The 
gvrator rotates the plane of polarization of an electromagnetic 
wave in accordance with Faraday’s principle \ ferro- 
magnetic material, such as Ferramic A, is inserted in circular 
waveguide and a steady magnetic field is applied in the 
direction of propagation. Polarized microwaves, when prop- 
agated through the magnetized Ferramic material, exhibit 
appreciable Faraday rotation. With rectangular waveguide 
at the input of the gyrator at right angles to the wave guide 
at the output and with no current in the gyrator coil, power 
will not be transferred from the input to the output wave- 
guide. When the gyrator coil is energized, the plane of 
polarization of the electromagnetic wave is rotated so that 
power is transferred. When an alternating voltage is applied 
to the coil, the microwave signal is amplitude-modulated at 
a rate dependent upon the frequency of the impressed voltage. 
Above a few evcles per second, conventional gyrators cannot 
be used as amplitude modulators because the metal wave- 
guide acts as a shorted turn inside the coil and attenuates the 
alternating magnetic field \ new gyrator was designed for 
modulation frequencies of the order of 20 kilocycles. Instead 
of metal waveguide, a linen Bakelite form covered with 
silver paint was used. 
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